Appendix A

A Rapid Introduction to
Mathematical Logic

“ ..our interest in formalized languages being less often in their actual
and practical use as languages than in the general theory of such use and
its possibilities in principle.” [Chub6, page 47]

“The formal systems of logic were created in order to be studied, not in
order to be used. It is an interesting exercise to try to formalize Hardy
and Wright’s number theory book in Peano Arithmetic. Any logician
will see that it can theoretically be done. But to do it in practice is far
too cumbersome. .. This has not bothered logicians, who. .. have not been
interested in actually formalizing anything, but only in the possibilities
of doing so.” [Bee86, pages 53-54]

Formal methods are grounded in mathematical logic, and some familiarity with
the main concepts and terminology of that field are essential to an understanding
of formal methods. Unfortunately, most textbooks on formal methods introduce
only the fragments of logic relevant to their particular methods and leave the reader
uninformed of alternatives. Textbooks on mathematical logic are also unsatisfactory
for those seeking an introduction to the background of formal methods: elementary
texts such as [Hod77, Cop67, Lem87|, while excellent for their intended purpose,
omit much that is of importance concerning logic as a foundation for formal methods
in computer science, while more advanced texts such as [Chub6, End72, Kle52,
Men64, Mon76, Sho67] are rather challenging, yet still omit some of the topics
necessary for an appreciation of the mechanization of mathematical logic in support
of formal methods (while including many that are unnecessary for that purpose).

To help readers gain the necessary background, I provide in this appendix a
minimal introduction to mathematical logic without all the technicalities usually
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220 Appendix A. A Rapid Introduction to Mathematical Logic

introduced in logic texts. My main goal is simply to acquaint the reader with the
main concepts and terminology of the field. There is, however, one important topic
where the going does get a little technical: this is the explanation of interpretation
and model in Sections A.2, A3, and A.4. An appreciation of these concepts is
necessary in order to understand the relationship between “true” and “provable,”
and between the notions “sound” and “complete,” and I urge readers to whom this
material is new to persevere with it. Recent controversies, such as that surrounding
the British Viper microprocessor (see Section 2.5.2 in the main text) show that the
formal notion of “proof” is no longer of merely specialist interest: all those concerned
with formal methods and certification should understand the technical meaning of

“proof” as used in logic. Later sections that deal with somewhat esoteric topics that

can be skipped at first reading are marked with the “dangerous bend” sign @

A secondary goal of this presentation is to sketch the origins and motivations
for some of the foundational approaches taken in mathematical logic, and to iden-
tify some of the alternatives that are often omitted from elementary introductions
to logic. The reason for doing this can be found in the quotations at the head
of this chapter: mathematical logic was developed by mathematicians to address
matters of concern to them. Initially, those concerns were to provide a minimal
and self-evident foundation for mathematics; later, technical questions about logic
itself became important. For these reasons, much of mathematical logic is set up
for metamathematical purposes: to show that certain elementary concepts allow
some parts of mathematics to be formalized in principle, and to support (relatively)
simple proofs of properties such as soundness and completeness. Formal methods in
computer science, on the other hand, is concerned with formalizing requirements,
designs, algorithms and programs, and with developing formal proofs in practice.
Thus, formal systems and approaches that are very suitable for mathematicians’
purposes may not be so suitable as a foundation for formal methods in computer
science—especially when mechanized checking of formalizations is desired. This is
particularly the case, in my opinion, with axiomatic set theory!—yet many books
on formal methods take their lead from the mathematicians and use axiomatic set
theory and Hilbert-style formalizations of predicate calculus as a foundation. Those
who are curious about alternatives and might want to learn something about type
theory, or the sequent calculus, say, must generally turn to rather advanced texts
on mathematical logic. So although this Appendix cannot provide an adequate
introduction to these alternatives, it does at least sketch them, and describe the
motivations behind the various different approaches, and some of their strengths
and weaknesses. I hope that readers who persevere to the end will find this mate-

!This is not to say that the notation of set theory is not useful in formal methods; the question
is whether set theory should be the foundation for formal methods.
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rial helps them to become more knowledgeable and critical in their use of formal
methods.

A.1 Introduction

Logic is concerned with methods for sound reasoning. More particularly, mathe-
matical or formal logic is concerned with methods that are sound because of their
form, and independent of their content. For example, the deduction

That jaberwocky is a tove;
All toves are slithy;
Therefore that jaberwocky is slithy

seems perfectly sound, because of its form, even though we have no idea what a
jaberwocky or a tove might be, nor what it means to be slithy. On the other hand,
the deduction

That plane is a Boeing 737;
Therefore it has two engines

is not logically sound, even though its conclusion is true, because the line of reasoning
employed is not generally valid—it jumps to a conclusion that is not supported by
the facts explicitly enumerated. The argument used has the same form as

That car is a Chrysler;
Therefore it has two engines,

which is palpable nonsense. We can correct the problem by adding a premise to
make explicit the “knowledge” used in coming to the conclusion:

That plane is a Boeing 737;
All Boeing planes, except the 747, have two engines;
Therefore that plane has two engines.

The line of reasoning is now sound; it doesn’t depend on the meaning of “Boeing
737”7 and the other terms appearing in its statement. To see this, we can abstract
the argument to the form

That A is an X;
P is true of all A’s, except Y;
Therefore P is true of that A
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and observe that it seems to be sound independently of what A, X, Y, or P mean.?

Note, however, that although the soundness of this line of reasoning does not
depend on what a “Boeing 737" is, it depends crucially on what “all,” “except,” and
“and” mean. Logic chooses some elements of language (such as “all,” and “and”),
gives them a very precise meaning, and then investigates the lines of reasoning and
argument that can be built up from those elements; in particular, logic seeks to
identify those lines of reasoning that are valid independently of the meaning of the
other (so-called proper) terms that appear in the argument. Logics differ from one
another in their choice of primitive elements, in the ways in which they allow terms
to be combined, and in the lines of reasoning that they permit.

Notice that a valid or sound argument does not guarantee that the conclusion
we draw will be true. For example, if the plane we saw was a Boeing 707 (or
727), the perfectly valid pattern of deduction given above would cause us to deduce,
incorrectly, that the plane has only two engines. A sound method of reasoning
guarantees true conclusions only if the premises are true statements. The truth of
a statement such as

All Boeing planes have two engines, except the 747

depends on the real-world interpretation we place on the terms such as “Boeing
planes.” If the interpretation we choose is “all Boeing passenger planes in current
service,” then this premise to our argument is false, and a perfectly valid line of
reasoning can lead us to a false conclusion.

Two sources of error can lead us to draw false conclusions about the world:
we can reason correctly from incorrect premises, and we can reason incorrectly from
correct premises (and, of course, we can also go doubly wrong and reason incorrectly
from bad premises). The contribution of mathematical logic is that it gives us the
tools to eliminate the second of these ways to draw incorrect conclusions. Logic
tells us what follows from what, so that we can be sure that our conclusions will
be at least as good as our premises. However, no formal method can assure us
that our premises are true statements in the intended interpretation; we have to
introspect, discuss them with others, test their consequences, and generally use
informal methods to accomplish this important task.?

2Though it does depend on knowing that an X is not a Y (i.e., a 737 is not a 747). When we
come to formalize this (in Section A.4), we will have to make even this “obvious” fact explicit.

3However, formal methods provide a precise and standardized notation, a repertoire of standard
constructions, and well-accepted sets of premises (i.e., axiomatizations) for many familiar notions.
In addition, formal methods can help us establish that our premises are mutually consistent, and
can support systematic exploration of their consequences (through attempts to prove properties
that ought to be true if the premises are correct). Thus the informal process of validating premises
can be made more systematic using formal methods.
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The practical value of mathematical logic arises when we use long or difficult
lines of reasoning to draw an important conclusion. If we can satisfy ourselves,
by informal methods, that the premises to our argument are true in our intended
interpretation, then mathematical logic can assure us that the conclusion will also
be true in that interpretation.

“The true method should provide us with...a certain sensible material
means which will lead the intellect, like the lines drawn in geometry and
the forms of operations which are prescribed to novices in arithmetic.
Without this, our minds will not be able to travel a long path without
going astray.” Leibniz, quoted in [Bou68, page 303].

Mathematical logic—Leibniz” “true method”—provides us with rules of deduction,
analogous to those of arithmetic, that allow the validity of an argument to be checked
by a process akin to calculation.

A.2 General Concepts

In this section I give more detailed and precise explanations to some of the notions
introduced above.* The explanations are given in terms of the abstract notion of
“formal system” and are generic to all logics; T give examples of specific logics and
theories in the subsections that follow.

The first thing that must be specified about a particular formal system is the
language in which its statements are expressed. Just as with a programming lan-
guage, there must be some grammar that defines the syntactic form of the things
we can write in the system. Mathematicians tend to prefer very terse, succinct lan-
guages, so the statements in most of their formal systems look very cryptic to the
untrained eye. Legal strings of symbols in the language of a formal system are called
well-formed formulas or wffs. Wffs that are “self contained” (technically, contain
no free variables) are called sentences.

Formal systems come in families, and there are usually two parts to a formal
system: one part that is common to all the systems in a given family, and one part
that changes from one member of the family to another. The first part is called the
logical part of the system, and the second the nonlogical or extralogical or proper
part. (I will use only the first of these alternative terms). For example, all first-order
theories have a common logical part variously called first-order logic or first-order
predicate calculus, or elementary logic or quantification theory. (I will use the simple
name predicate calculus.)

My treatment draws on [Tar76, Dav89].
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Those symbols of the system that belong to the logical part are called the logical
symbols of the system. The other symbols are called the nonlogical symbols of the
formal system. The logical symbols generally include the propositional connectives
“not” (a monadic operator, usually written as prefix — or ~ by mathematicians),
“and” (a dyadic operator, often called conjunction and written as infix A), “or”
(dyadic, often called disjunction and written as infix V), “implies” (dyadic, written
as infix D, —, or =), and “if and only if” (dyadic, sometimes called equivalence,
and written as infix iff, <, <, or =). More powerful logics include function sym-
bols (such as f, g, and some that may be given a built-in interpretation such as +),
predicate symbols (such as P, ), and some that may be given a built-in interpreta-
tion such as = and <), the quantifiers “for all” (V) and “there exists” (3), and/or
modalities such as “necessarily” (O) and “possibly” (<).

The propositional connectives developed out of attempts to understand and cod-
ify principles of sound argument, and were intended to capture important construc-
tions used in natural language. Prior to the development of modern formal logic, the
usages of natural language were arbiters of what the connectives should mean, and
there could be disagreement over this: for example, some medieval logicians treated
“or” as inclusive (“either one or the other or both”), while others regarded it as
exclusive (“either one or the other, but not both”). In formal logic, the meanings of
the operators are determined by the rules of deduction (as explained shortly) and

do not depend on intuitive notions.

Although the meanings of the logical operators do not depend on in-
tuitive notions, they should clearly correspond to them—since logic is
intended to support and strengthen our innate capabilities, not oppose
them. Most of the logical operators do directly correspond to familiar
notions, but the “implies” operator is a little less straightforward.

The symbol O of logic is sometimes called material implication in
order to distinguish it from the unadorned term “implication” used in
ordinary discourse. The intent is that A D B should capture conditional
constructions of the form “if A then B.” From this intuition, it follows
that if A is a true statement, then A O B should be considered true only
if B is also a true statement. Thus

2+ 2 =4 D Paris is the Capital of France

is a true sentence (because both the antecedent or condition “2+42 = 47
and consequent or conclusion “Paris is the Capital of France” are true).
Observe that this example indicates one of the unintuitive aspects of
material implication: there need be no “causal” connection between the
antecedent and consequent. In natural language, we generally expect
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some connection or association between the clauses of a conditional,
such as “if Paris is the seat of French Government then Paris is the
Capital of France.”

Leaving these doubts aside, and proceeding with our examination of
material implication, we can see that

2+ 2 =4 D London is the Capital of France

is a false sentence (because the antecedent is true but the consequent is
false). But what if A, the antecedent is false? Should

2+ 2 =15 D Paris is the Capital of France
be considered a true sentence? And how about
2+ 2 =15 D London is the Capital of France?

In natural language one could make a plausible case for any of the alter-
natives (or even argue that a conditional need be neither true nor false
when its antecedent is false), but in logic we adopt the convention that
if A is false, then A D B is true, whatever the value of B. One way
to see that this is reasonable is to consider the alternatives. We know
that when A is true, A D B must be true exactly when B is true. To
complete the definition, we need to assign truth values to A D B when
A is false, and there are just four possible ways to do this: (1) it could
be false whatever the value of B, (2) it could be true exactly when B
is true, (3) it could be true exactly when B is false, and (4) it could be
true whatever the value of B. If we choose the first of these alternatives,
then A D B is exactly the same as A A B (i.e., “implies” is the same as
“and”); if we choose the second, then A D B is the same as B and the
value of A is irrelevant; and if we choose the third, then A D B turns out
to be the same as A = B. None of these corresponds to any reasonable
interpretation of “implies” or “if...then ....” and so we are left with the
fourth alternative.

Although this treatment of material implication works perfectly well,
some logicians remain unhappy that it does not correspond exactly to in-
formal usages and have sought different formulations, such as the notions
of “strict” and “relevant” implication. The consideration of alternatives
that we conducted above shows that any satisfactory formulation that
is different to material implication will require modification of the basic
logic, not just tinkering with the operators. Consequently, strict im-
plication requires modal logic (which is described later), and relevant
implication requires relevance logic [Dun85]. Material implication may
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seem a little strange at first, but it soon becomes familiar.> Alternative
formalizations of conditional sentences are of philosophical and techni-
cal interest, but do not rival the practical utility and importance of the
classical formulation in terms of material implication.

In addition to its language, a formal system specifies a selected (possibly infinite)
set of sentences that are taken as given and called azioms, and a set of rules of
inference, which are ways of deducing new sentences from given sets of sentences.
Axioms are divided into logical and nonlogical axioms; rules of inference usually
belong to the logical part of the system. The axioms and the rules of inference
constitute the deductive system of the formal system considered.

Axioms are generally specified by aziom schemes (mathematicians often say
schema and schemata), such as

¢\/_'¢7

where ¢ stands for an arbitrary sentence. This example (it is the law of the excluded
middle) states that for any sentence ¢, either ¢ or its negation must be true (there is
no middle ground). When we put a particular sentence (e.g., “it will rain tomorrow”)
in place of ¢, we obtain a specific axiom as an instance of the axiom scheme, such
as

it will rain tomorrow V — it will rain tomorrow.

Axiom schemes are convenient, because they allow an infinite number of axioms to
be specified in a finite manner.

Similarly, rules of inference are often written in the form of schemes, exemplified
by
¢, ¢ D
¢ 9

where ¢ and @ stand for arbitrary sentences. This example (it is the rule known
as modus ponens) states that from a pair of sentences, one of the form ¢ and one
of the form ¢ O 1, we may deduce the sentence 1. We say that ¢ and ¢ D ¥
are the premises or antecedents to this rule of inference, and ¥ is its conclusion or
consequent.

Notice that there are two mathematical languages in use here. One, the object
language, is the formal system we are trying to define; the other is the metalanguage
that we are using to do the definition. Here, the object language is a fragment of
propositional calculus, and our metalanguage is the traditional language of informal

5Particularly once some important laws are learned, such as that A D B D C is parsed as
AD (B D (), and is equivalent to (A A B) D C. Some of these laws are listed in Section A.3.
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mathematics expressed in English. It is necessary to keep the distinction between
object language and metalanguage clearly in mind, especially when the same symbols
are used in both; logicians use the terms use and mention to distinguish these cases.
When we talk about some object, we are said to mention it; when we use an object
to refer to some other object, we are said to use it. No confusion is likely with
physical objects (we do not use the planet Mars to refer to something else), but it
is possible with names or symbols. For example, from

“Toby is a short haired cat” and
“Toby is a name with four letters”

we might conclude that a certain name with four letters is a cat [Cur77]. In order to
avoid this absurdity, we must recognize that “Toby” is used in quite different senses
in these two sentences: in the first it is used to refer a certain cat, while in the
second it is mentioned as a particular word. In order to reduce confusion, symbols
are often enclosed in quotes when they are mentioned rather than used:

“‘Toby’ is a name with four letters”

The variables ¢ and 1 used in the examples given earlier are metalinguistic
variables, since they stand for arbitrary sentences of the object language. Axiom
schemes and the operation of substituting sentences for metavariables are elements
of the metalanguage; the resulting axioms are part of the object language. Similarly,
it is necessary to distinguish proofs and theorems about the object language (i.e.,
metaproofs and metatheorems) from proofs and theorems in the object language. 1
am now ready to define the latter kind of proofs and theorems.

A proof of a sentence 1 from a set of sentences I is a finite sequence ¢q,..., ¢,
of sentences with ¢, = 1, and in which each ¢; is either an axiom, or a member
of T', or else follows from earlier ¢;’s by one of the rules of inference. We say that
1 is provable from the assumptions T (or simply “T' proves ©") and write T' - 1.5
A theorem is a sentence that is provable without assumptions, and we write simply
F 4.7 The theory of a given formal system is the set of all its theorems.

A system is consistent if it contains no sentence ¢ such that both ¢ and its
negation are theorems (i.e., if its theory does not contain both ¢ and —¢). It is a
metatheorem of all the logics considered here that all sentences are provable in an
inconsistent system, and such systems are therefore useless.

%The symbol F is usually pronounced “turnstile.”

"The axioms can be thought of as assumptions that come “for free.” The reason we add (nonlog-
ical) axioms to a formal system, rather than simply carry them as assumptions to all our theorems,
is that there is generally an infinite number of axioms, and we need the metalinguistic notion of
scheme to represent them conveniently. Of course, we could introduce a notion of “assumption
scheme,” but this would not be the way things have traditionally been done.
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A system is decidable if there is an algorithm (i.e., a computer program that is
guaranteed to terminate) that can determine whether or not any given sentence is a
theorem. A system is semidecidable if there is an algorithm that can recognize the
theorems (i.e., the algorithm is guaranteed to halt with the answer “yes” if given
a theorem, but that need not halt if given a nontheorem—though if it does halt,
it must give the answer “no” in this case). A system is undecidable if it is neither
decidable nor semidecidable.

Notice that “proof” and “theorem” are purely syntactic notions: that is, they
are marks on paper (or symbols in a computer). The formal system provides rules
for transforming one set of marks into another; a proof is simply a sequence of
formulas that conforms to the rules and ends up with a series of marks that we
call the theorem. We do not have to know what any of these marks “mean” in
order to tell whether or not a purported proof really is a correct proof of a given
theorem; we simply have to check whether it follows the rules of the formal system
concerned. Of course, the rules of formal systems are not chosen arbitrarily; they
are chosen in the hope that if we interpret the marks on paper in some consistent
way as statements about the real world, then the theorems of the system will be
true statements about the world. The relationship between language and the world
is the concern of semantics, and the goal of mathematical logic is to set things up so
that the syntactic notion of theorem coincides with the semantic notion of truth. If
this can be done, and if our axioms and assumptions correspond to true statements
about (some aspect of ) the real world, then the theorems that we can prove will also
correspond to true statements about the world. In other words, we will be able to
deduce (new) true facts about the world from given true facts simply by following
the syntactic rules of our chosen formal system. We do not need to “understand” the
world in order to carry out these syntactic operations; all our “understanding” (of
the particular domain of interest) is encoded in the nonlogical axioms of the formal
system used (and in the assumptions, if any, of the particular proofs performed).
Since no “understanding” of the world is required to construct (or check) the purely
syntactic objects that are proofs, these operations can, in principle, be performed by
machine. Understanding of the world is needed only to choose the nonlogical axioms
(and assumptions) and to interpret the utility of the theorems proved. Thus, the
attraction of formal methods is that the necessary intuition and understanding of
the world (i.e., the properties of the application domain concerned) are recorded
explicitly in axioms and assumptions that can be subjected to intense scrutiny, and
all the rest follows by deductions that can be mechanically checked.

The connection between syntax and semantics is established by an interpretation
that identifies some real-world “domain” D and associates a true or false statement
about D with each sentence. The statement associated with sentence ¢ is called
its waluation in D. Interpretations must satisfy certain structural properties that
depend on the formal system concerned. (For example, if the formal system has
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function symbols, then the interpretation of f(z,y) must be determined by the
interpretations of f,z, and y.)

An interpretation is a model for a formal system if it valuates all its axioms to
true; in addition, an interpretation is a model for a set of sentences T if, as well
as being a model for the formal system concerned, it also valuates all the sentences
in T to true. A set of sentences is satisfiable if it has a model. We say that a set
of sentences T' entails a sentence ¥ and write T' |= 1 if every model of T is also a
model of ¥»—that is, if ¢ valuates to true in every model of T. We say a sentence
is (universally) valid and write |= ¢ if it valuates to true in all models of its formal
system. This connection between syntax and semantics, and the corresponding
relationship between “provable” and “valid” were known and used informally (e.g.,
by Goédel and Skolem) in the 1920s; they were formalized by Tarski in the early
1930s.

A formal system is sound if T' = ¢ whenever T' I ¢; it is complete if T' - 9
whenever T' |= ¢. Roughly speaking, soundness ensures every provable fact is true,
completeness ensures every true fact is provable. Notice that an inconsistent system
cannot be sound. Obviously, only sound systems are of use in formal methods (or
mathematics).® It would be nice if they were also complete (and even nicer if they
were decidable), but T will observe later that most interesting formal systems are
incomplete (and very few are decidable).

In some formal systems, additional constraints are placed on the selec-
tion of models, and it is sometimes necessary to distinguish between
soundness and completeness results relative to al/l models and those rel-
ative to certain preferred models. Other formal systems are constructed
in the hope that they capture some aspect of reality exactly—that is, in
the hope that they will have only one model, the intended or standard
one. For example, the postulates of Euclid were intended to capture
“ordinary” geometry exactly. Formal systems that have only one inter-
pretation (up to isomorphism) are called categorical. In general, it is not
possible to limit theories to just a single model; most interesting theories
have unintended or nonstandard models in addition to the intended or
standard ones (see section A.5.2).

Having established the general framework, I will now consider some specific
formal systems that are of particular importance.

81t was a goal of the formalist school, led by Hilbert, to demonstrate (using only elementary
methods) that the formal systems proposed as foundations for mathematics (such as set theory with
the Axiom of Choice—see Section A.5.4) are sound. Godel’s results (see Section A.5.2) destroyed
this plan. Soundness of the formal systems underlying mathematics cannot be demonstrated con-
clusively within those same systems, and must ultimately appeal to our experience and intuition.
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A.3 Propositional Calculus

The simplest formal system generally considered is the propositional calculus, whose
purpose is to provide a meaning for the propositional connectives listed earlier (Sub-
section A.2).? In its leanest form, the nonlogical part of the propositional calculus
is empty, and its logical part considers only the connectives “implies” (written here
as infix D) and “not” (written here as prefix =). The rest of its language consists of
the parentheses, and some set of proposition symbols, which mathematicians gener-
ally write as P, @, R, but which can be arbitrary strings such as “the cat is on the
mat” that are considered atomic (i.e., without internal structure). The grammar of
propositional calculus defines its sentences as follows:

e Any proposition symbol is a sentence, and

e If ¢ and 1 are sentences, then so are (—¢) and (¢ D ).

(This is the mathematicians’ description of propositional calculus, in which every
compound sentence is fully parenthesized. Mathematicians drop parentheses—and
so will ——when they are deemed unnecessary according to some informal rules.
Computer scientists might give a context-free grammar for the language and make
all these details explicit.)

There are three axiom schemes for propositional calculus:

Al. D (¥ D o),
A2. (6D (¢ D p) D ((¢D¥) D (6D p)),
A3. (=(=9)) D ¢

and one rule of inference

¢, 9D
(8

(modus ponens, often abbreviated MP).

The axioms of propositional calculus are infinite in number, since there are in-
stances of each of the three schemes for all possible combinations of propositions.
The symbols ¢, 1, and p appearing in the axiom schemes (and rule of inference)
above are metalinguistic variables (or metavariables). An axiom instance is ob-
tained from one of the axiom schemes by replacing its metalinguistic variables by
propositions in a consistent fashion. I indicate the axiom instance of scheme 1 in

which P replaces ¢ and Q replaces ¢ by writing Al[¢ — P, ¢ — Q].

9Sources used for this section include Barwise [Bar78b] and De Long [DeL.70].
198ometimes ((—¢) D (=) D (¥ D ¢) is used instead.
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Using this machinery, we can prove the theorem F (P D P).

L. (P>((PDP)DP)D((PD(PDP)D(PDP))
A2[¢ — P, — (P P),p— P

2. (P>((PD>P)D>P)) Al[¢ «— P,tp — (P D P)]
3. (P>(PD>P)D(P>DP) MPon 1 and 2
4. (PD>(PD>P)) All¢p — P,¢p — P)]
5. (PD>P) MP on 3 and 4.

This derivation is completely unintuitive; the advantage of the “Hilbert-style” ax-
iomatization I have been using is that it allows the interpretations of the proposi-
tional calculus to be defined in a concise manner. This is done in the next couple
of pages. Following that, I introduce an alternative system that allows proofs in
propositional calculus to be developed in an intuitive manner.

The domain of the interpretations of the propositional calculus is the set of truth
values {7, F} (T is an abbreviation for truth, F for falsehood). An interpretation
of the propositional calculus assigns exactly one of these truth values (called its
valuation) to every proposition symbol. Let v(¢) denote the valuation given to the
proposition ¢ in a particular interpretation. Then we require that the valuation given
to compound propositions in that interpretation is derived by recursive application
of the following two truth tables:

ol ¢ v|oDY
T|F T T| T
FIT T F| F
F T\ T
FF| T

Sentences of the propositional calculus that valuate to 7 in all interpretations (i.e.,
the universally valid sentences) are called tautologies.

Interpretations constructed as described above provide models for the propo-
sitional calculus and it is possible to prove that the theorems and the tautologies
coincide. Thus, the propositional calculus is sound (all theorems are tautologies)
and complete (all tautologies are theorems). Furthermore, the propositional cal-
culus is decidable—simply transfer into the semantic domain and use truth tables.
Thus, another way to demonstrate = (P O P) is to construct the truth table for
(P D P) by substituting P for both ¢ and 7 in the general truth table for D given
above (note the second and third lines of the general table disappear, since they are
impossible when ¢ and 1 have to take the same value)

P|\PDOP
T T
F| T
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and observe that its value is always 7. Hence, = (P D P), and so, by the complete-
ness of propositional calculus, - (P D P).

The version of the propositional calculus I have given so far is rather impover-
ished. It is easy to add new connectives, either by treating them as abbreviations
(i.e., macros), or by extending the formal system. Using macros, we would, for
example, regard disjunction (¢ V 1) as simply an abbreviation for (=¢) D ¢ and
would replace all instances of ¢ V 1) by their corresponding expansions in both the
syntactic and semantic domains. Observe that this is a metalinguistic approach.

Using the alternative approach of expanding the formal system, we would add
V to the language as a logical symbol, and add the corresponding rules of inference

oV (=) DV
(—¢) D% AVEL I

Similarly, the interpretation of V would be supplied by the truth table

W9 e
NS
M <

It is usually a matter of taste whether the properties of new connectives are
added to the formal system by a rule of inference or by an axiom scheme. For
example, if the equivalence (=) connective has already been introduced, we can
define V by the axiom scheme

(6VY)=((=¢) D)

instead of the rule of inference given earlier. (Usually things are done in the opposite
order, and ¢ = 1 is viewed as an abbreviation for (¢ D V) A (¥ D ¢).)



A.3. Propositional Calculus 233

There are a number of tautologies (often called “laws”) that are worth learning
by heart for use in systems that contain a generous collection of connectives:

¢V - law of the excluded middle
(N —¢) law of contradiction
(pVo) = ¢ laws of
(oNP) = ¢ tautology
g = ¢ law of double negation
¢DY = oV verum sequitur ad quodlibet
¢DY = D law of contraposition
(V) = =Nt De Morgan’s
—(pAY) = =Vt laws
oV (bVvp) = (eV)Vp Associative
PA(Ap) = (AUV)Ap laws
oV (pAp) = (¢Vu)A(oV ) Distributive
SNV ) = (@A) V(SAp) laws
oD (WDOp) = (AY)Du law of exportation
(pAY)Dp = (¢Dp)V (¥ Dp) unnamed
(eVe)dop = (DA D)  laws

Notice that most of these laws come in pairs in which one member can be obtained
from the other by interchanging A and V. Such pairs are called duals.

It is also worth remembering the derived inference rule

Y, 9D
¢
known as modus tollens. It follows from modus ponens by the law of contraposition.

Conventionally, the equivalence ¢ = 1 is regarded as an abbreviation for a pair
of “simpler” expressions, such as (¢ D ¥)A (¥ D ¢) or (mp A1)V ($ A1) and it is
often expanded into one of these forms whenever it is encountered during a proof.
However, equivalence satisfies some beautiful laws, such as the Golden Rule:

(GAY)=o=0=(oV V)

(one of whose beautiful properties is that it does not matter how we associate—i.e.,
parenthesize—the equivalences). The book by Dijkstra and Scholten [DS90] make
extensive and effective use of laws for equivalence.

The propositional connectives introduced so far are not the only ones. Those
called nand and nor are defined by

¢ nand

¢ nor 1

(¢ A1)
(¢ V1)
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and are often used in digital circuits. All the other propositional connectives can
be defined in terms of either one of these two—a property first discovered by Pierce
but often attributed to Sheffer (who wrote nor in the form ¢ |, where | is known
as “Sheffer’s stroke”).

Computer scientists generally like to have the three-way if...then...else con-
nective available. It can be defined by

if ¢ then v else = (¢ D V) A (=g D p).tt

Finally, note that the constants true and false can be introduced by
true = (¢ V —¢),
false = (¢ N —9).

A.3.1 Propositional Sequent Calculus

The axiom schemes and rule of inference I have given for propositional calculus make
for rather tedious proofs and are “barbarously unintuitive” [Hod83]. Usually, it is
simpler to exploit the soundness and completeness of the propositional calculus and
transfer into the semantic domain where theorems can be established using truth
tables.!? A case against doing this is that a proof should represent an argument for
the truth a theorem and should lead to improved understanding (not least when the
putative theorem is actually false and the proof attempt fails), whereas the truth-
table method merely says “true” or “false.” On the other hand, the propositional
calculus is so limited, and its theorems so straightforward, that the opportunity

"n richer logics, if. .. then.. . else is often extended to a polymorphic form that denotes a value of
a different sort (or type—these notions are explained in Sections A.9 and A.10) than a proposition.
For example, in
|z] =if £ < 0 then —z else

the if. .. then... else denotes a numerical value. These polymorphic forms can be converted to the
propositional kind by “lifting” the if... then... else over adjacent relations:

if z < 0 then |z| = —z else |z| = z.

121arge propositional expressions can arise in the specification and analysis of hardware circuits.
Methods based on Boolean (or Binary) Decision Diagrams (BDDs) [Ake78, Bry86, Bry92] are
generally the most efficient in practice by a considerable margin, and should be a basic component
of any tool for formal methods that is intended to address such problems. Although BDDs are
usually superior, methods derived from those of Davis and Putnam [DP60] can outperform BDDs
on some problems [US93].
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to gain insight from proofs is distinctly limited.'® In richer systems, however, the
ability to construct reasonably natural proofs in a reasonably effective manner will
clearly be desirable, so I use the propositional calculus to illustrate one approach to
doing this.

First, note that proofs can be simplified by using previously-proved theorems
(which effectively enriches the set of sentences that can be used as axioms), and by
deriving additional rules of inference. For example, there is an important metathe-
orem about propositional calculus called the deduction theorem, which 1 state as

ok
I'k(¢D)

where T' is any set of sentences and T', ¢ is interpreted as the union T'U {¢}. Notice
that I have stated the Deduction Theorem as an extended rule of inference: formerly
rules of inference were relations on sets of sentences; now I allow them to be relations
on proofs as well. This proves extremely convenient.

follows:

The deduction theorem is a metatheorem because it is a theorem about propo-
sitional calculus, not a theorem in propositional calculus. In order to prove the
deduction theorem, we can either use informal mathematical arguments based on
the informal definitions of proof and so on given earlier, or we can formalize propo-
sitional calculus within some more powerful formal system and do the proof within
that system. In either case, the proofis by induction on the length of the derivation

of ¥ from S, ¢.
Using the deduction theorem, the proof of - (P D P) becomes trivial:

1. PP Definition of proof
2. F(P > P) Deduction Theorem[S — 0, ¢ — P, — PJ.

But even with additions such as these, it seems clear that it will not be easy
or natural to develop formal proofs using the formulation of propositional calculus
that we have seen so far. This is not surprising, for that formulation is a “Hilbert-
style” calculus designed for metamathematical convenience—that is, it is chosen
to allow short statements of notions such as “interpretation,” and relatively simple
proofs of soundness and completeness. It is not, however, designed for actually doing
proofs. For that purpose, alternative formulations due to Gentzen are much more
convenient.

Gentzen’s natural deduction and sequent calculus formulations use fewer axioms
and more rules of inference than Hilbert-style formulations, and allow more “natu-
ral” proofs.'* Of Gentzen’s two formulations, natural deduction is quite convenient

14 This is not to say that errors in using propositional calculus are not common in formal methods,
only that the line by line reasoning of a formal proof is seldom needed to detect or explain them.
1Sources used for this section include Barwise [Bar78b], Gallier [Gal86], and Sundholm [Sun83].
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on the (hand)written page or whiteboard, but the sequent calculus is much to be
preferred for computer-assisted activity since all the information relevant to the lo-
cal part of a proof is gathered together in a convenient way. A sequent is written
the form I' — A'"> where I" and A are lists of sentences called the antecedents and
succedents, respectively. The intuitive interpretation is that the conjunction of the
antecedents should imply the disjunction of the succedents. Equivalently, we want
to show that one (or more) of the succedents is true, or that one (or more) of the
antecedents is false.

A proof in sequent calculus is a tree of sequents, whose root (at the bottom) is
a sequent of the form — ¢ (i.e., with empty antecedent), where ¢ is the sentence to
be proved. The proof tree is “grown” upwards from the root by applying inference
rules of the form
Iy — Al R An

I — A

N.

This says that the rule named N takes a leaf node of a proof tree of the form I' — A,
and adds n new leaves of the form given (n may be zero, in which case that branch
of the proof tree terminates). The goal is to apply rules of inference to construct a
proof tree whose branches are all terminated. This is sometimes called “backwards”
proof, since we start with the conclusion to be proved. (Natural deduction, on the
other hand, is an example of a “forwards” approach to proof in which we start with
assumptions and work towards the conclusion.) Although the proof is constructed
“backwards,” it can subsequently be read “forwards.”

I now give the inference rules for the propositional sequent calculus with the
operators A,V, D, and — (omitting the “structural rules,” which simply say that
the order of sentences within an antecedent or succedent is unimportant, and that
sentences can always be deleted from the antecedent or succedent). In the following,
upper case greek letters I' and A represent lists of sentences, and lower case letters
¢, and 1 represent individual sentences. I will often write sequents in a form such
as I';¢ D ¥ — A, meaning that the antecedents consist of some (possibly empty)
list ' and a sentence of the form ¢ D .

The Propositional Axziom rule is the one that terminates a branch of the proof
tree. It applies when the same sentence appears in both the antecedent and succe-
dent.

T, 6 — o, AF

This rule can be seen to be plausible by thinking of the sequent as expressing
the tautology (I' A ¢) D (¢ V A) where the lists I' and A are interpreted as the

5T+ A is also used, but this may be confusing here.
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conjunction and disjunction, respectively, of their elements. Equivalently, under the
interpretation that we need to show that one (or more) of the succedents is true, or
that one (or more) of the antecedents is false, the propositional axiom rule can be
justified by noting that ¢ appears as both an antecedent and a succedent and must
be either true or false.

There are two rules for each of the propositional connectives, corresponding to
the antecedent and succedent occurrences of these connectives. The negation rules
simply state that the appearance of a sentence in the antecedent is equivalent to the
appearance of its negated form in the succedent, and vice-versa.

I'— ¢, A I'¢— A
T, ¢ —A T — ¢, A

- .

The inference rules = — and — — are often called the rules for “negation on
the left” and “negation on the right,” respectively. Similar naming conventions are
used for the other rules. One way to see that the rule = —, say, is reasonable is to
consider the sequent above the line as I' D ¢V A, which is equivalent to =I'V(¢V A),
which is equivalent to (=I'V ¢) V A, which is equivalent to =(—=I' V ¢) D A, which
is equivalent to (I' A =¢) D A, which is an interpretation of the sequent below the
line.'® Equivalently, under the interpretation that we need to show that one (or
more) of the succedents is true, or that one (or more) of the antecedents is false,
the negation rules can be seen as simply trading demonstration of the truth of ¢ for
that of the falsity of —¢, and vice-versa.

The rule for conjunction on the left is a consequence of the fact that the an-
tecedents of a sequent are implicitly conjoined; the rule for conjunction on the right
causes the proof tree to divide into two branches, in which we separately prove each
of the two conjuncts.

¢, v, I - A I'— ¢, A I — ¥, A
oAD.T AT T = 6A0, A

— A.

The rules for disjunction are “duals” of those for conjunction.

o, ' -+ A v, I = A I — o, ¥, A
V — - — V.

oV, I' =+ A I' oV, A

The rule for implication on the right is a consequence of the implication “built
in” to the interpretation of a sequent; the rule for implication on the left splits the
proof into two branches: on one we must prove the antecedent to the implication,
and on the other we may assume the consequent.

'®In this chain of equivalences, 1 used the identities (¢ D %) = (=¢ V 9), and one of De Morgan’s
Laws.
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v, I — A I'— ¢, A T, ¢—, A
D—

6O, T = A T oD, A

D.

Notice how the rules of the sequent calculus have an intuitively plausible charac-
ter, and entirely symmetric construction. This makes proof construction relatively
systematic and natural. To see how it works, consider a proof of the sentence

(PO>QDR)D(PAQDR).

(Note, the implies symbol D associates to the right and binds less tightly than A,
so this sentence is actually an instance of the law of exportation.)

First we construct the goal sequent
—+(P>QD>R)D(PAQDR).

Then we must seek an inference rule whose part “below the line” has an instance
equal to this sequent. There is only one choice in this case, since the sole top level
operator is an implication on the right. Hence, we apply the rule for implication on

the right (with [¢ — (P D> Q D R),¥ — (PAQ — R)] and T and A empty):

(P>QDOR)—(PANQDR)
S (P>QoR) O(PAQOR)

Now we focus our attention on the sequent above the line:
(PODQDOR)— (PAQDR)

and look for a rule whose part below the line can be made to match this sequent.
There are two choices here: implication on the left or implication on the right. The
former rule will cause the proof tree to branch and it is usually best to put this
off as long as possible. So we again choose implication on the right (this time with

T —(P>QDR),¢—PAQ,¥»— R]and A empty):

(PO>QDR),(PNQ)— R
(P>Q->R) = (PAQOR)

Again we focus on the sequent above the line
(PODQDOR),(PANQ)— R

and seek an applicable rule. There are two candidates: implication on the left, or
conjunction on the left. The former rule will cause the proof tree to branch, so we
use conjunction on the left:

(P>QDOR),PQ—R
(P>Qo R, (P Q) =R~




A.3. Propositional Calculus 239

Now the sequent above the line is
(PODQDR),P,Q—R
and we have no choice but to use the rule for implication on the left:

(@DOR),P,Q—R P,Q— PR
(P>QDR),PQ—R

D—
The right-hand branch can be closed immediately:

X.

— A
P,Q — P,R

The left-hand branch requires another application of the rule for implication on the

left:
R,PQ— R PQ—Q,R

(QDR),P,Q—R

D—.

Tts left and right branches can then be closed:

——— Ax
R,P,QQ =+ R

X

— Y — A
PQ— QR
Since all the branches are closed, the theorem is proved.

We can collect all the steps together into the following representation of the
proof tree:

X

RPQ=R>  PO=QR
Q- R).PQ— R T Po=PRY™
(P>QDOR),P,Q—R
(P>Q R = (PAQOR)
—+(P>QO>R)>(PAQDR)

D—.

D

Notice how we were able to develop this proof in an entirely “logical” and orderly
way. The reader might want to compare this proof with one using the Hilbert-style
formulation of the propositional calculus introduced at the beginning of Section A.3.
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A.4 Predicate Calculus

Propositional calculus is a very limited formal system and allows us to express only
very simple ideas. For example [Dav89, page 43], we cannot express the idea “if
is even, then x + 1 is odd” in propositional calculus. To see this, suppose we try
and split the idea up as two propositions: [2]_ will mean “z is even” and mo
will mean “z 4+ 1 is odd.” Then it might seem that we could express the intended

idea with the compound proposition [z]_ D O. But this does not work: [z]_
and O are independent propositions without internal structure (which is why

I have written them in boxes), whereas the sense we want to convey requires that
both refer to the same z. The predicate calculus (also called first-order logic or
elementary logic or quantification theory) is an extension to propositional calculus
that gives us individual variables and the expressive power we need to make this
and very many other statements concerning mathematics and the world.

The formal system of the basic predicate calculus has no nonlogical part. Its log-
ical symbols include the propositional connectives and the quantifiers “for all” (also
called the universal quantifier and written V) and “there exists” (also called the ez-
istential quantifier and written 3). The other symbols include constants (generally
written as lowercase letters near the front of the alphabet: a,b,...), variables (gen-
erally written as lowercase letters near the end of the alphabet: ... y, 2), function
symbols (generally written as the lowercase letters: f,g,...), and predicate symbols
(generally written as uppercase letters: P,(Q,...).

The grammar of predicate calculus defines its language as follows:

e A term is a constant symbol, a variable symbol, or a function application
flo,1,...,v) where f is a function symbol and o, 7, ..., 7 are terms. (Actually,
the symbols o, 7, ..., 7 are metavariables representing terms). For convenience,
I often write function applications using infix notation, such as 2 + 3, rather

than +(2,3).

e An atomic formula has the form P(o,7,...,v) where P is a predicate symbol
and o,7,...,v are terms. (As before, o,7,...,7 are actually metavariables
representing terms). Computer scientists may find it more familiar to think
of predicates as functions that return truth values (Russell and other early
writers actually called them “propositional functions”). For convenience, I
often write atomic formulas using infix notation, such as 2 < 3, rather than
< (2,3).

There are obvious consistency constraints on the sentences we should write:
if f appears somewhere applied to two arguments (e.g., in a term of the form
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f(2,y)) we should not use it somewhere else applied to fewer or greater num-
bers of arguments. The same applies to predicates.!”

o A well-formed formula (wff) is an atomic formula, or a series of wffs combined
using the propositional connectives, or an expression of the form (Va : ¢) or
(Jz : ¢) where 2 is a variable symbol and ¢ is a metavariable representing a

wit.

The scope of a quantifier is the wif to which it applies (i.e., the one following
the colon). For example, in

(Va : even(z) D odd(z + 1)) (A.1)

the scope of the V is the expression even(z) D odd(xz 4 1). A variable is bound
if it appears in an expression in the scope of a quantifier naming that variable;
otherwise it is free. A wif is open if it contains free variables, otherwise it is
closed.

o The sentences of the predicate calculus are the closed wffs. By convention,
open wifs are usually interpreted as sentences by automatically providing outer
levels of universal quantification to bind any free variables (this is called taking
the universal closure). Thus the open wff (Jy : y = = 4+ 1) is closed by
interpreting it as (Vo : (Jy 1y =z +1)).18

Numerous syntactic shorthands are generally applied to make predicate calculus
sentences more readable. For example, in the examples above, I used even and odd
as predicate symbols, and used infix = to denote a predicate symbol, infix + to
denote a function symbol, and 1 to denote a literal constant. In the most primitive
predicate calculus notation, we might have to write (A.1) as

(Vz : E(2) D O(s(x)))

where s is intended to indicate the successor function on the integers, and F and
O are meant to indicate the “even” and “odd” predicates, respectively. No matter
how they are written, this example assumes that numbers, together with certain
functions (e.g., + or s) and predicates (e.g., odd or O) on them, are part of the
formal system concerned. In fact, these concepts are not part of the predicate
calculus, but must be axiomatized or defined within it. I examine how this can

"To be really thorough, we should distinguish different sets of n-ary function and predicate
symbols, for each n.

"®Notice the difference between (Vo : (3y : y = x + 1)) and (3z : (Vy : y = 4 1)). The former
says that for each z, there is some y such that y = x + 1—this is obviously valid. The latter says
that there is an z such that, for every y, ¥y = z + 1, i.e., z is one less than every y—which is
obviously unsatisfiable (in the usual interpretation of arithmetic).
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be done in later sections; first I examine deduction and interpretation in the basic
predicate calculus.

In a Hilbert-style formulation, the axiom schemes and rules of inference for
predicate calculus are those of propositional calculus (whose metavariables are now
to be replaced by formulas of predicate calculus, rather than by proposition symbols,
in order to construct axioms and rule instances), together with the two axiom and
two rule schemes shown below. In these schemes, the notation ¢(z) means a formula
¢ in which z is a free variable, and @[z — t] means the substitution instance of ¢
with all free occurrences of z replaced by the term symbolized by ¢.1°

The following axiom schemes are added to those of propositional calculus given
on page 230:

A4. (Y : ¢(z)) D @[t — 2], provided no free occurrences of z in ¢ lie in the scope of
any quantifier for a free variable appearing in the term ¢ (we say that ¢ is free
for # in ¢).20 This axiom scheme simply says that if some formula ¢ is true
for all z, then it is certainly true when some particular term ¢ is substituted
for z in ¢ (provided no free variables get “captured”).

A5, ¢lz — t] D (Fz : H(x)), provided ¢t is free for z in ¢. This axiom scheme says
that we can conclude that there exists some z satisfying the formula ¢ if some
substitution instance of ¢ is true.?!

The following rule schemes of generalization are added to those of propositional

calculus:
¥ D ¢(v)
D (Vo :o(2))
and
Pp(v) D¢

(Fz:9(x)) D¢
where the variable v is not free in 1. The rule of universal generalization can best be
understood by considering the simpler case where 1) is true. Then the rule becomes

o(v)
(V : ¢(2))

Mathematicians usually indicate a substitution instance by @[t/z] rather than ¢[z — #]. 1

prefer my notation because the arrow makes it easy to remember the direction of the substitution.
Substitution is an operation in the object language (it transforms one formula into another). T have
also been using the notation A1[¢ — P] to indicate the metalevel operation in which an axiom
or rule instance is constructed by letting ¢ be P in the scheme Al. This ambiguous notation is
nonstandard, but I find it convenient.

29This caveat is called the “occurs check.” To see why it is necessary, let ¢ be Fy:z2+1=1y)
and let ¢ be y. Prolog interpreters ignore the occurs check in the interest of speed, and are unsound
for this reason among others [NS93, Chapter T11].

21Some formulations include only the universal quantifier; in these cases, the existential quantifier

can be introduced by the definition (3z : ¢(z)) = =(Vz : =¢(2)).
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which says that if ¢ is true for some arbitrary v, then it must be true for all x.
Fxistential generalization can be derived from universal generalization by the trans-
formation mentioned in the previous footnote.

The models of predicate calculus are constructed as follows.?? Given a nonempty

set D as the domain of interpretation, an interpretation associates an n-place
total function on D with each n-place function symbol, an n-place relation with
each n-place predicate symbol, and an element of D to each constant symbol.??
The interpretation of P(tq,ts,...,t,) for predicate symbol P is true if and only
if the tuple (v(t1),v(t2),...v(t,)) is in the set v(P) where v(P) is the relation
interpreting P, and v(¢;) is the interpretation of the term ¢;. The interpretation of
f(t1,ta, ..., t,) for function symbol f is the value v( f)(v(t1), v(t2),...v(t,)) where
v(f) is the function interpreting f, and v(#;) is the interpretation of the term t;.
The propositional connectives have their usual (truth-table) meaning; (Va : ¢(2))
is interpreted to be true if and only if the interpretation of ¢ is true for all values
of the variable z in the domain D, and (Jz : ¢(z)) is interpreted to be true if and
only if the interpretation of ¢ is true for some value of the variable x taken from the
domain D. (If ¢ does not contain the variable z, the interpretations of (Vz : ¢(z))
and (3x : ¢(z)) are the same as the interpretation for ¢.)

Like propositional calculus, predicate calculus is sound and complete (soundness
is relatively straightforward; completeness was established by Gd&del in his Ph.D.
thesis in 1930%%). That is, the theorems (i.e., the sentences that can be deduced
using the axioms and rules of inference given above) coincide with the universally
valid sentences (i.e., those that valuate to true in all interpretations).

We have now covered enough material to formalize and interpret the example
that began this appendix:

That plane is a Boeing 737;
All Boeing planes, except the 747, have two engines;
Therefore that plane has two engines.

22The definitions that follow use the terminology of set theory. An n-place relation on the set D
is any set of n-tuples on D, that is any set of objects of the form (a1, az, ..., an), where each a; is a
member of D. An n-place function f on the set D can be considered as n+ 1-place relation with the
property that if (a1, az2,...,an,z) and (a1, a2,...,axs,y) are both members of f, then z = y (i.e.,
the last member of the tuple is uniquely determined by the first n). In this case, the application of
f to the arguments (a1, az,...,ay) is written f(a1,as,...,a,) and yields the value z. A function
is total if it has a value for every combination of arguments.

21 am simplifying a bit here. Interpretations are correctly defined relative to a sequence of values
from D that supplies arbitrary, but fixed, interpretations to free variables.

24Skolem had essentially demonstrated consistency some years earlier, but did not realize

it [Hods3].
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We can formalize this in first-order predicate calculus

is_a_Boeing plane(p) A is_a_737(p)
Va :is_a Boeing plane(z)A —is_a_747(z) D has_two_engines(z)

has_two_engines(p)

where is_a Boeing.plane, is_a_737, is_a_747, and has_two_engines are predi-
cates, pis a constant, and z is a variable. A little thought shows that this deduction
is not valid: we also need another premise to state that 737s and 747s are different.
The following is adequate for our purposes:

Va:is_a 737(xz) D —~is_a 747(z).

Then, applying the logical axioms and rules of inference given earlier (use A4 to in-
stantiate the two universally quantified premises with [z < p], then use propositional
reasoning), we can prove the conclusion from the three premises. Since predicate
calculus is sound, this tells us that the conclusion will be true in any interpretation
that valuates the premises to true. Notice, however, that if we substitute is_a_727
for is_a_737, we would still have a valid proof, but a conclusion that is false when
the domain D of interpretation is “airplanes in current service” and the predicates
have their intuitive meaning. How can this be? The explanation is that the second
premise

Va :is_a Boeing plane(z)A —is_a_747(z) D has_two_engines(z)

is false in this interpretation. But if that is so, then our original conclusion (about the
737) is also suspect in this interpretation. And indeed it is: although the conclusion
happens to be true in this interpretation, and although the line of reasoning is
valid (so that the conclusion must be true in any interpretation that validates the
premises), one of the premises is false in the intended interpretation. This example
illustrates a central issue in formal methods: because we intend to make use of any
conclusion we prove, we must have a particular interpretation in mind and we need
to pay great attention to validating our premises in that interpretation.

A.4.1 Skolemization and Resolution

Unlike propositional calculus, predicate calculus is only semidecidable. Because it
introduces some concepts and terminology that are useful in understanding certain
theorem proving strategies, I will sketch one of the ways to demonstrate semidecid-
ability of predicate calculus. Recall that semidecidable means there must be some
computer program that is guaranteed to terminate with the answer “yes” when
given a theorem; it is not required to terminate when given a nontheorem (but if it
does, it must give the answer “no”). Because the predicate calculus is sound and
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complete, the desired semidecision procedure could either be proof theoretic (i.e.,
it could look for a proof of the given sentence), or model theoretic (i.e., it could
attempt to show that the sentence is universally valid). The approach I will follow
is model theoretic.

Suppose we have to establish a sentence of the form (Va : ¢(z)); to make things
concrete, consider (Vo : 2 < z + 1). If this sentence is valid, then any particular
substitution instance, say 17 < 1741, must be true. So one way to prove the sentence
might be to choose some substitution instance such as this “at random” and check
that one instance. The problem, of course, is that a particular, interpreted constant
such as 17 might have some special properties, and we might just happen to pick one
that satisfied the sentence, whereas another might not (e.g., (Vz:2 X 2 = z) might
appear valid if it were enough to exhibit [z <« 1]). But if instead of a particular
numeral, we choose a new symbolic constant, say ¢, that appears nowhere else and
could still establish ¢ < ¢+41, then we would surely have done enough to establish the
original sentence. Reverting to the general case, the idea is to establish (Va : ¢(2))
by establishing ¢(c) for some new constant c. Notice that ¢(c) has no quantifiers
nor variables: it is a propositional sentence and therefore, by the decidability of
the propositional calculus, we can decide its validity. We seem to have reduced the
decision problem for universally quantified formulas of predicate calculus to that of
propositional calculus.

Now consider a slightly more complicated sentence: (Vz : (Jy :y = 2+ 1)). To
establish this, we can start by substituting some arbitrary constant, say ¢, for the
universally quantified variable z to yield the simpler sentence (Jy : y = ¢4 1). Then,
to establish this existential sentence it is enough to find some constant term that
can be substituted for y in order to make y = ¢+ 1 true (obviously, [y — ¢+ 1] does
the job here). The quantifier-free formula y = ¢+ 1 is called a Skolem form of the
original formula (V2 : (Jy : y = 2+ 1)). A substitution instance of the Skolem form,
in which all its free variables are replaced by terms involving only constant symbols,
is called a ground instance of the original formula. The idea behind the process I
am developing is that the original first-order sentence must be valid if some ground
instance is propositionally valid (i.e., a tautology). Now the construction of the
Skolem form is a mechanical process (I will explain it shortly), and propositional
validity is decidable—so to test the validity of a first-order formula, all we have
to do is generate the Skolem form, and then search for a ground instance that
is a tautology.?’ If the original formula is valid, then eventually our search will
terminate, but if it is invalid, then our search may go on forever, generating more
and more complicated ground instances without ever finding one that is a tautology.

25This is not quite accurate: as explained shortly, we may need a disjunction of ground instances
to obtain a tautology.
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I have just given a crude sketch of the semidecidability of first-order predicate
calculus.?® This idea can be exploited in mechanical “theorem provers” (T use quotes
because this is a model-, not proof-theoretic approach)—although it is usual to
employ heuristics, or user-supplied hints, to generate ground instances rather than
exhaustive search.?” In order to use this approach, it is necessary to understand
Skolemization (as the process of constructing the Skolem form is called) in a little
more detail.

My simple example might have made it appear that to Skolemize a first-order
sentence, all we have to do is replace the universally quantified variables with (dif-
ferent) arbitrary constants, leave the existentially quantified variables alone, and
then remove all the quantifiers. If we apply this naive scheme to the (obviously
false) sentence (Jz:¢(z)) D (Vy: ¢(y)) we would obtain ¢(z) D ¢(c), which has a
valid ground instance under the substitution [z < ¢]. We have just “proved” a false
theorem, so something must have gone wrong.

Our mistake was that we did not take care of the “implicit” negation in the
antecedent to an implication. Since a D b is the same as —a V b, the original sen-
tence could have been written as =(3z: ¢(z)) V (Yy: ¢(y)), and this is equivalent to
(Va:=¢(2))V(Vy: ¢(y)). Our Skolemization procedure (correctly) transforms this to
—¢(d)V ¢(c), which is not a tautology. The problem, then, is that existential quanti-
fiers in the antecedent to an implication are “essentially” universal (and vice-versa).
We see that Skolemization has to replace the essentially universally quantified vari-
ables with different arbitrary constants, and to leave the essentially existential ones
alone. To determine the essential “parity” of a quantifier, simply count the number
of negations in whose scope it occurs, noting the implicit negation in the antecedent
of an implication (and expanding equivalences of the form ¢ = v as two implications:
¢ DAY D ¢); if a quantifier appears within an odd number of negations, then
its essential parity is the opposite of its appearance (i.e., an existential is essentially
universal, and vice-versa).

Fven with this adjustment, our Skolemization process is still flawed. Consider
the example we looked at earlier, but with the order of the quantifiers reversed:
(Jy : (Vz : y = 2 4 1)). This sentence is unsatisfiable (it says there is some y which
is equal to z 4+ 1 for every z, whereas the original, valid, sentence said that for
every z, there is some y that is equal to # 4+ 1). Yet our modified, but still naive,
Skolemization algorithm produces exactly the same Skolem form, namely y = ¢+ 1,
as for the original sentence.

26My examples used predicate calculus enriched with arithmetic; this is also semidecidable, pro-
vided certain restrictions are placed on the fragment of arithmetic employed. This is discussed later
in Section A.5.2.

27If the search is not exhaustive, the process is no longer a semidecision procedure: if a valid
ground instance is found, then the original sentence is certainly valid, but there is no guarantee
that the search will find such an instance.
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One way to better understand what is going on is to imagine the process of
forming the final ground instance as a contest between ourselves, seeking to find
substitutions for the essentially existential variables, and a malign opponent who
chooses instances for the essentially universal variables [Hod83]. We and our oppo-
nent take turns, working from the outside quantifiers towards the innermost; our
goal is reach a valid ground sentence, the opponent’s goal is prevent us doing so.

If we first consider the valid sentence (Vz : (Jy : y = 2 4+ 1)) we see that the
opponent plays first (since the outermost quantifier is essentially universal). The
opponent might decide to substitute 17, say, for 2, leaving us with (Jy : y = 17+ 1).
We can now choose to substitute 18 for y, yielding 18 = 17 4+ 1, so we win.

Now consider the unsatisfiable form: (Jy : (V2 : y = 2 + 1)). Here, we have to
play first, so we choose some arbitrary constant, say 9, to leave (Vz : 9 = 24+ 1). Now
our opponent plays, and is careful to choose any number but 8—say 13—thereby
winning the contest.

Notice that what happened in the last case was that our opponent did not need
to choose a substitution for # until we had made a choice for y; thus, the choice
made by the opponent could depend on our choice of y—in other words, it could be
some function f(y) of y. To perform Skolemization correctly, we may only replace
essentially universal variables with constants when they are not in the scope of
some essentially existential quantifier. When they are in the scope of essentially
existential quantifiers, the universal variables must be replaced by arbitrary new
function symbols (called Skolem functions) that take the existential variables as
arguments. Thus, the correctly Skolemized form of (Jy : (Vz : y = 2 + 1)) is
y = f(y)+ 1, which has no valid ground instance. For an example of this kind that
is valid, consider (Jy : (Vz : y < 2 + 1)), where the variables are constrained to be
natural numbers. The Skolem form is y < f(y)+ 1, which has the valid ground
instance 0 < f(0)+ 1 (i.e., [y < 0]). (The constraint to natural numbers ensures
0 < f(y) no matter what function is chosen for f.) Because we know nothing about
the Skolem function f, it models any strategy our opponent may choose. If we can
construct a valid ground instance in the presence of Skolem functions, it means we
can always win the contest, no matter what the opponent’s strategy.

We now know how to Skolemize first-order sentences correctly, but there is one
last problem in this approach to theorem proving. To see this, consider the (valid)
sentence

(Fz: 4(2))V (Fy : d(y)) D (32 : ¢(2) V (2)).
The Skolem form of this sentence is
(¢(a) V(b)) D (&(2) V ¥(2))
where @ and b are arbitrary Skolem constants, and we have to find a ground substi-

tution for z that will make the formula a tautology. Unfortunately, it is not hard to
see that no such substitution exists.
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The problem is that we have to find a single substitution for z without knowing
which of ¢(a) or ¥(b) is true (although we do know that at least one of them is true).
If we knew which were true, we could find the right substitution ([z — a] if ¢(a) is
true, otherwise [z < b]). A little thought should convince us that this is enough:
no matter what the true state of affairs, there is always some satisfiable ground
instance. Indeed, this is enough, and the result that justifies it is the Herbrand-
Skolem-Gédel theorem,?® which says that a first-order sentence is valid if and only
if some finite disjunction of ground instances of its Skolem form is tautological. In
the case of our example, the disjunction

(e(a) V(b)) D (d(a)V ¥(a))
v

(¢(a) V(b)) D> (o(b) V(b))

is valid, and we have succeeded in proving the original theorem.

Almost all mechanical theorem provers employ Skolemization in one form or an-
other, so it is worth having some familiarity with the process. Some systems convert
formulas to prenez form (in which no quantifiers appear in the scope of a propo-
sitional connective) before Skolemizing. This is done by repeatedly using the law
(Fz : ¢) = ~(Va : —¢) and its dual, and by renaming variables if necessary so that
expressions such as (Vz:¢)V 1 can be rewritten as (Vz:¢ V 1) (z must not occur
free in 1), and similarly for expressions involving other connectives. In an interac-
tive system, such transformations are disadvantageous, since users are required to
examine formulas presented in a very different form than those they typed in. In au-
tomatic theorem provers, however, conversion to various special forms can assist the
systematic search for a proof. Resolution provers, for example, generally eliminate
all connectives other than A, Vv, and — (by, for example, transforming ¢ D ¥ into
—¢ V 1), convert the resulting formulas to prenex form, Skolemize them, and then
convert to conjunctive normal form (CNF) by repeated applications of de Morgan’s
laws. In CNF, each formula is written as a conjunction of clauses, where a clause is
a disjunction of literals, which are atomic formulas or negations of atomic formulas
(the empty clause is identified with false).

Propositional formulas in CNF can often be shown to be unsatisfiable by repeated
application of the one-literal rule: if a clause consists of just a single literal, then
that clause can be deleted, and all instances of the negated form of that literal®®
can be deleted from all other clauses: if that deletion results in any clause becoming
empty (i.e., false) then the original formula was unsatisfiable. For example:

28 This result in model theory should not be confused with Herbrand’s Theorem, which is a much
deeper result in proof theory.

2°If the literal is a negation, then its negated form is the unnegated atomic formula (e.g., the
negated form of =P is simply P).
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(PVQV-R)AN(PV-Q)N-PANRAS apply one-literal rule to =P

(QV-R)A=-QANRANS apply one-literal rule to =Q)
“RARAS apply one-literal rule to - R
empty A S we are done.

The resolution rule for propositional calculus extends the one-literal rule by
looking for clauses that contain a complementary pair of literals P and —=P. Such a
pair of clauses, for example (PVR) and (-PV(Q), are then replaced by their resolvent
(RV Q) (thus the one-literal rule is the special case of resolution when either R or
@ is empty). Resolution is extended to first-order clauses (i.e., those containing
variables) by seeking a single substitution that can be applied to two literals to
make them a complementary pair, and then applying the same substitution to the
resolvent. The process of constructing a substitution that will cause two literals to
become a complementary pair is called unification, and the substitution that results
is called a wunifier. Here is an example of first-order resolution:

(=S(y)VCy) ASB)AV(a,b) AN (=C(z)V =V(a,z)) [y b] on clauses 1,2

COYANV(a,b) N (—C(2z)V =V (a,z)) [z < b] on clauses 1, 3
V(a,b) A=V (a,b) Clauses 1, 2
empty we are done

Resolution is a complete refutation procedure for first-order logic: if a sentence
is unsatisfiable, then resolution will terminate with the empty clause. For theorem
proving, we simply conjoin all the premises with the negated conclusion, and then use
resolution to test whether the result is unsatisfiable: if it is, then the original theorem
is true. If the original theorem was untrue, then resolution may not terminate.

The basic resolution and unification algorithms are due to Robinson [Rob65]. A
great many extensions and heuristic optimizations to resolution have been developed
over the years; some of the more fundamental ones are described in the standard text
by Chang and Lee [CL73]; Otter is a modern theorem prover based on highly efficient
implementations of several resolution strategies [McC90]. A variety of resolution
called SLD-resolution is very effective for Horn clauses (clauses that contain at most
one negated literal) and is the technique underlying interpreters for the language
Prolog [NS93, Chapter II1].

Although resolution theorem provers can be quite effective in some domains, they
are of little use in formal methods. Formal methods generally require more than
just pure first-order predicate calculus (e.g., they require theories for arithmetic and
various datatypes, and possibly set theory or higher-order quantification), and res-
olution is not at all effective in these contexts.?® In addition, many of the theorems

20T we simply add the axioms for the theories concerned, then the search space becomes so huge
that resolution seldom terminates in reasonable time. If we add decision procedures for the theories
concerned, then unification needs to be performed modulo these interpreted theories and it is a
research topic to make this work effectively [Sti&5].
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we try to prove in formal methods are untrue when first formulated, and resolution
provides little help in such cases (though it can sometimes generate counterexam-
ples). And for true theorems, resolution simply affirms their truth: it does not assist
us to develop an argument that can be subjected to human review. Nonetheless,
some of the ideas from resolution find application in almost all modern theorem
provers. In particular, unification is a fundamental technique for creating substi-
tution instances, and highly efficient (i.e., linear-time) unification algorithms have
been developed, as have extensions to the higher-order case.

A.4.2 Sequent Calculus

> such as that

The alternatives to model theoretic approaches to “theorem proving,’
sketched in the previous section, are proof theoretic approaches. These include
the first-order sequent calculus, which is obtained by extending the propositional

sequent calculus of Section A.3.1 with the following rules.

There are four “quantifier rules.” In the — V and 3 — rules (i.e., those on the
top right and bottom left), @ must be a new constant®' (these rules are the analogs
of Skolemization).

F,A[;Lw—t]—)Av I' = Alz — a], A y
T, (Va: A) = A I — (Va:A), A
F,A[.Zw—a]—)Aa I'— Alz — 1], A :
T,(32:A) = A I — (Ju:A), A

We also need a rule for terminating a branch of the proof tree when we en-
counter a nonlogical axiom or a previously-proved lemma among the consequents of
a sequent:

Nonlog-ax

I'—o¢, A

where ¢ is a nonlogical axiom or previously-proved lemma.

For convenience in developing proofs, it is useful to provide an additional rule
called “cut.” This can be seen as a mechanism for introducing a case-split or lemma
into the proof of a sequent I' — A to yield the subgoals I';¢ — A and T' — ¢, A.
These are equivalent to assuming ¢ along one branch and having to prove it on the
other.??

31 Actually, a constant that does not occur in the consequent of the sequent. This constraint is
called the eigenvariable condition.

2 Alternatively, applying the rule for negation on the right, this can be seen as equivalent to
assuming ¢ along one branch and —¢ along the other.
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o, ' -+ A I'— ¢, A
I = A

Cut.

The Cut Elimination Theorem (also known as Gentzen’s Hauptsatz) is one of
the most famous results in proof theory: it says that any derivation involving the
cut rule can be converted to another (possibly much longer one) that does not use
cut. Since cut is the only rule in which a formula (¢) appears above the line that
does not also appear below it, it is the only rule whose use requires “invention”
or “insight”; thus the cut elimination theorem provides the foundation for another
demonstration of the semi-decidability of the predicate calculus.

A.5 First-Order Theories

First-order theories are simply those that add some nonlogical axioms (and possibly
rules of inference) to the predicate calculus. In this section, I consider four very im-
portant classes of first-order theories: equality, arithmetic, simple computer science
datatypes (such as lists, trees etc.), and set theory.

All of these are very useful in computer science, and any system intended to
support formal methods should normally provide all four.

A.5.1 Equality

The first-order theory of equality (or “identity” as it is sometimes called) simply
adds a distinguished two-place predicate (generally called equals and written as infix
=) to the symbols of the predicate calculus. The fundamental idea of equality is
that 2 = y if and only if “anything that may be said of 2 may be said of y, and
vice-versa.”?® This idea of the “identity of indiscernibles” was first stated explicitly
by Leibniz. In more technical terms, if some property ¢ holds for z, and z = y, then
¢ should also hold when y is substituted for some or all instances of z in ¢. This
can be formalized as follows:

Leibniz’ law: (Va,y:2 =y D ¢ D ¢z — y])*

where T use ¢[z — y], rather than ¢[z — y], to indicate that only some instances
of z need be replaced by y.

To get things started, we assert that everything equals itself:

reflexivity: (Vz : 2 = 2).

#*Most of this material is drawn from Tarski [Tar76].

#The symbol = binds tighter than the propositional connectives.
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From these axiom schemes, it is possible to deduce that = satisfies the prop-
erties of symmetry and transitivity in addition to reflexivity, and is therefore an
equivalence relation.

symmetry: (Vz,y:2=yDy=2z),

transitivity: (Vo,y,z:2 =yAy=2Dz = =z).
We can also deduce that = satisfies the property of substitutivity:
substitutivity: for any term or atomic formula ¢, x = y D ¢ = @[z — y]

which is what distinguishes true equality from a mere equivalence relation: it says
that we can always substitute equals for equals.

Sometimes the quantifier 3! (pronounced “there exists exactly one”) is added to
first-order theories with equality. It is defined by

(e : 6(x)) = (3o : 6(2)) A (V2,52 6(2) A dy) O 2 = y).

Notice that the first conjunct on the right-hand side expresses “at least one,” while
the second expresses “at most one.”

The propositional connective = (equivalence, or “if and only if”) satisfies Leibniz’
law, and therefore functions as an equality relation on wffs. This means that certain
sentences can be proved by applying the rules for equality reasoning to =. For
example, (z = y) D (z D y) can be proved from Leibniz’ law (let ¢ be ). When
this approach can be used, it is fast and simple and generally to be preferred to
reasoning from the propositional properties of the connective. However, = is more
than an equality relation, so equality reasoning does not capture all its properties
and it is sometimes necessary to revert to propositional reasoning on =. For example,
(mz Vy) = (x D y) requires propositional reasoning.

When constructing models for a first-order theory with equality, we usually

want the interpretation of “=" to be the identity relation on the domain of
the interpretation. Such models are called normal and it is possible to show that a
first-order system with equality has a model if and only if it has a normal model.
Thus, nothing is lost (or gained) by restricting attention to normal models.

Often, we will also want our models to have “no confusion” and “no junk.”
Suppose we have a theory with just two axioms: @ = b and ¢ = d (where
a,b,c, and d are constants). Then we could have a model in which the domain
of interpretation has but a single element, and all four constants are assigned to
that single element. The equation a = ¢ will be true in this model, but cannot be
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proved from our axioms: the model makes too many things equal (it has confusion).
Alternatively, we could have a model with six members m,, my, m., mg, m,, and
my. The constants of our theory might be assigned to the first four, leaving the last
two as “junk” superfluous to our needs. Initial models are, roughly speaking, those
that have enough elements so that those assigned to terms that the axioms do not
require to be equal can, in fact, be distinct (no confusion), yet with no elements left

over (no junk) [GTWWT77].

A.5.1.1 Sequent Calculus Rules for Equality

These rules directly encode the axiom schemes of reflexivity and Leibniz’ law.

Redl a:b,F[[a<—b]]—>A[[a<—b]]R .
I'—»a=a, A ¢ a=b,T =5 A P

Observe that the rule Refl is an instance of the rule Nonlog-ax given in the
previous section.

A.5.1.2 Rewriting and Decision Procedures for Equality

Reasoning about equality is so fundamental that most theorem provers provide
special treatment for it. For example, chains of equality reasoning such as that
required to prove the following theorem arise frequently in formal methods:

i=jAk=1AfG)=gk)Aj = f()Am = g(l) > f(m) = blk).

Trying to prove formulas such as this by repeated application of Leibniz’ law, or the
derived axioms and inference rules given earlier, soon becomes hopelessly inefficient
as the number or size of the formulas increases. A very efficient method for reasoning
with ground equalities of this kind is based on congruence closure [DST80, Sho78b].

Equations also commonly arise in the form of definitions, such as that for the
absolute value function:

|z| = if 2 < 0 then — 2 else z.

One way to prove a theorem such as |a+b| < |a|+ |b] is to expand the definitions
and then perform propositional and arithmetic reasoning. “Expanding a definition”
means finding a substitution for the left hand side of the definition that will cause
it to match a term in the formula (e.g., [z — @ + b] will match |z| with |a + b]),
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and then replacing that term by the corresponding substitution instance of the right
hand side of the definition concerned—for example,

la+b=if a+b< 0 then — (a+b) else a+ b.

Fxpanding definitions is a special case of the more general technique of rewriting,
which can be used with arbitrary equations provided the free variables appearing
on the right hand side of each equation are a subset of those appearing on its left.
The idea is to find substitutions for the free variables in the left hand side of an
equation that will cause it to match some part of the formula being proved; that
part is then replaced (“rewritten”) by the corresponding substitution instance of the
right hand side of the equation concerned. The process of finding substitutions for
the free variables in the left hand side by trying to make it equal some subexpression
in the formula of interest is called matching; it is similar to unification, except that
we only seek substitutions for the variables in the equation being matched, and not
for the variables in the expression it is being matched against (hence, matching is
sometimes described as “one way” unification). Notice that although equations are
symmetric (i.e., they mean the same whether written as @ = b or as b = a), rewriting
gives them a left-to-right orientation; when viewed in this way, they are generally
called rewrite rules rather than equations.

Selection and orientation of equations to be used as rewrite rules, and identifica-
tion of the target locations where rewriting is to be performed, can be undertaken
either by the user or by some automated strategy. One strategy is to rewrite when-
ever it is possible to do so. Unfortunately, this process may not terminate; a set
of rewrite rules is said to have the finite termination property if rewriting does al-
ways terminate.® Often there will be two or more opportunities for rewriting in
a given expression; if the final result after rewriting to termination is independent
of the choices made at each step, then the set of rewrite rules is said to have the
unique termination (also known as Church-Rosser) property. If a theory can be
specified by a set of rewrite rules with the finite and unique termination properties,
then rewriting can serve as a decision procedure for the theory concerned: to decide
whether two terms are equal, simply rewrite them to termination; if the results are
syntactically identical, then the original terms were equal (i.e., rewriting to termi-
nation yields a normal form). This procedure is sound, and for ground formulas it is
complete. We must be careful, however, if we wish to deduce disequality. Suppose,

35Rules that express commutativity (e.g., 4y = y+z) can be applied repeatedly (e.g., a+b — b+
a — a+b...) and so render a set of rewrite rules nonterminating. This difficulty can be overcome by
imposing restrictions that lead to a true normal form (e.g., only apply the rewrite if the substitution
instance for z is less than that for y in some suitable ordering). Similar techniques can be used for
operators that are associative (and for the combined associative-commutative case) [Sti81]. These
techniques are usually embedded in the matching rather than the rewriting mechanism, and referred
to as AC-matching.
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for example, we used the rewrite rules ¢ — b and ¢ — d to rewrite a to b and ¢ to d
and then observed that b and d are in normal form, but not syntactically identical:
may we then deduce a # ¢? Plainly it would not be sound to do so in the standard
semantics, since we could have a model with only a single element (so that all terms
are equal). However, deducing disequalities in this way is sound (and complete)
for the initial model. Consequently, systems that use rewriting to normal form as
their main (or only) means of deduction generally use the initial model semantics
(OBJ [Gog89] does this), whereas systems that use rewriting as merely one method
among several generally use the classical semantics and do not infer disequalities
from unequal normal forms (disequality can then only be inferred from axioms that
mention it explicitly).

Given an arbitrary set of equations, there are some quite effective heuristic pro-
cedures for testing for the finite and unique termination properties [DJ90]; one,
known as Knuth-Bendix completion, can often extend a set of rewrite rules that
does not have unique termination into one that does. Beyond ordinary rewriting is
conditional rewriting, which is used for axioms having the form ¢ D b = ¢. Various
control strategies are possible: the simplest will only rewrite b to ¢ if @ can be proved,
others will do the rewrite and carry a along as an additional proof obligation.

Term rewriting is so effective that it provides the main means of deduction in
some systems, for example Affirm [Mus80], Larch [GH93], and RRL [KZ88]. The
very powerful Boyer-Moore prover [BM79, BM88] integrates a number of techniques,
but rewriting is one of the most central. Techniques similar to rewriting are used in
resolution provers under the name “paramodulation” and its variants. In general,
congruence closure and term rewriting are fundamental to productive theorem prov-
ing, and theorem provers lacking these mechanisms should find little application in
formal methods.

A.5.2 Arithmetic

Numbers are fundamental to mathematics. Peano’s arithmetic [Pea67] (much of
which should really be attributed to Dedekind) is a formal system that characterizes
the natural numbers (i.e., the nonnegative integers 0, 1, 2, ...)*® by adding nonlogical
axioms to the predicate calculus with equality. The first four axioms introduce the
constant 0, the successor function succ and the predicate A, which we can read “is
a number”:

e N(0) (0 is a number),

36Sometimes (and, indeed, in Peano’s original formulation) the natural numbers are considered
to start at 1; nowadays it is more common to refer to the numbers starting from 1 as the positive
integers.
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e N(z) D N(suce(z)) (the successor of a number is a number),
e N(z) D suce(x) # 0 (0 is not the successor of any number),

o N(z)AN(y) A suce(z) = suce(y) D @ = y (numbers with identical successors
are identical).

The fifth axiom is the scheme of mathematical induction:

o (6(0) A (Y2 : N(2) A 6(x) > dlsuce()))) > (¥ N (2) D 9(2)).
This says that to establish that some property ¢ holds for any natural number,
it is sufficient to prove that it holds for 0 and, given that it holds for some
arbitrary natural number z, to prove that it also holds for suce(z).

The first four axioms imply that there are infinitely many numbers; the fifth axiom
ensures there are not too many.

The numerals are introduced by regarding 1 as suce(0), 2 as suce(1), and so on.
The remaining axioms introduce addition (written as infix +): and multiplication
(written as infix x). T drop the tedious predicate N and simply assume that the
variables range over numbers (cf. many-sorted logic in Section A.9):

o v+ 0 ==z,
o o+ succ(y) = suce(z 4 y),
e x0=0,

o X suce(y) =a Xy+ .

Although Peano’s system is considered sound, it is incomplete: there are valid

statements in arithmetic that cannot be proved using Peano’s axioms. It might
seem that this could be remedied by adding more powerful axioms, but this is not
so. Godel’s incompleteness theorems, probably the most famous theorems in the
whole of logic, show that all reasonably powerful formal systems are necessarily in-
complete. The first incompleteness theorem says that any consistent formal system
that includes arithmetic must be incomplete;3” the second says that the consistency
of such a system cannot be proved within the system (i.e., the formula that asserts
consistency is an example of a true but unprovable statement).?® Profound though
it is, Godel’s first incompleteness theorem is not a limitation on the decidability of

3"The first incompleteness theorem has been formally verified [Shad4]—almost certainly the hard-
est mechanically checked formal verification ever undertaken.

8 Jentzen and Gddel demonstrated the consistency of Peano Arithmetic using metamathematical
arguments that cannot be formalized within Peano Arithmetic.
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formulas that arise in formal methods any more than the existence of algorithmically
unsolvable problems (e.g., the halting problem for Turing machines) is a limitation
on the practical utility of computers. The true but unprovable statements concern
sweeping properties of logic itself, not the specific kinds of properties we are con-
cerned about in formal methods.?® Godel’s incompleteness theorems are best seen
as affirmations of the remarkably expressive power of arithmetic, rather than limi-
tations on the everyday applicability of logic. The practical limitation on our ability
to decide whether or not a certain statement is valid is our ability to find a proof,
not whether a proof exists.

There are other arithmetic theories besides Peano’s. For example, there are

axiomatizations (mostly due to Dedekind [Ded63]) of the rational and the real
numbers [Fef89, Sup72]. Axiomatizations of the reals suffer from limitations as sur-
prising as those imposed by the incompleteness theorems. The Léwenheim-Skolem
Theorem says that if a first-order theory has a model of infinite cardinality, then
it has models of all infinite cardinalities.*® In particular, this means that any ax-
iomatization of the real numbers has a model that is only countably infinite (i.e.,
has only as many elements as there are natural numbers). Since Cantor showed
(by his “diagonal” argument), that the real numbers are not countably infinite (i.e.,
they cannot be put into 1-1 correspondence with the natural numbers), this means
that no axiomatization of the real numbers can capture the properties of the reals
uniquely—there will always be nonstandard models that satisfy the axioms, but are
different from the reals. This discovery is not as disappointing as it may seem: it led
to the invention of nonstandard analysis [Rob74], which provides a consistent inter-
pretation to infinitesimals and allows analysis to be built up without recourse to the
usual notions of limits and convergence, thereby providing a rigorous reconstruction
of early treatments of the calculus [Dau88, 1.ak78]. Neither do these limitations
diminish the practical utility of formal systems of arithmetic in computer science.
In fact, nonstandard analysis provides a basis for formal verification of the accuracy
of certain floating point calculations [Pra92].

9 A few unprovable formulas of a genuinely mathematical (as opposed to logical) character are
now known: “Since 1931, the year Godel’s Incompleteness Theorems were published, mathemati-
cians have been looking for a strictly mathematical example of an incompleteness in first-order
Peano arithmetic, one which is mathematically simple and interesting and does not require the
numerical encoding of notions from logic. The first such examples were found in 19777 [PH78].
The example in the cited paper concerns an extension to the Finite Ramsey Theorem.

“OTnfinite cardinalities are explained in Section A.8. There are actually two parts to the
Lowenheim-Skolem Theorem as | have stated it: the “downward” half, which allows smaller models
to be obtained from bigger ones, is the original L.owenheim-Skolem Theorem; the “upward” half,
which allows larger models to be obtained from smaller ones, is really a consequence of the Com-
pactness Theorem. The Compactness Theorem says that if every finite subset of a set of sentences
has a model, then the set of sentences has a model.



258 Appendix A. A Rapid Introduction to Mathematical Logic

Since we can formalize Cantor’s argument for the uncountability of the reals,

there must be some countable model that validates this theorem. A simpler
observation of the same kind is “Skolem’s Paradox”: the set of subsets of the natural
numbers must be uncountable (Cantor’s Theorem establishes that the powerset of
a set has greater cardinality than the original set [Dun91, Chapter 12]), but the
formalization of this result is satisfied in some countable model. These are really
not the paradoxes they seem: the sets concerned will be uncountable in the model,
but countable in the “real universe” [EFT84]. That is, the model will be sufficiently
impoverished that we cannot construct an injection from the interpretation of the
set to that of the naturals, but in the “real universe” we will have more functions
available to us and will be able to construct the injection. (Boolos and Jeffrey
provide a good discussion of this topic [BJ89, pp. 152-155].)

Formal systems for integer and rational arithmetic similar to one first investi-
gated by Presburger in 1929 are very useful in computer science. Essentially, these
are linear arithmetics with addition, subtraction, multiplication, equality, and a
“less than” predicate <. (By simple constructions, the predicates >, <, and > can
be added as well.) By linear is meant the restriction of multiplications to literal
constants—so that 3 X z is admitted, but ¢ x y (where ¢ is a symbolic constant) and
x Xy (where z is a variable) are not. A valuable property of these arithmetics is that
they are decidable, and therefore conducive to efficient theorem proving [Rab78].
Since arithmetic is ubiquitous, support tools for formal methods that lack effective
automation of arithmetic reasoning are extremely tedious and unproductive to use.
Classical Presburger arithmetic is a first-order theory (i.e., it permits quantification),
but it allows only simple constants and not function symbols. Because function sym-
bols are also ubiquitous (they can arise, through the process of Skolemization, even
in formulas that do not include them originally), variations on Presburger arith-
metic that make different tradeoffs to maintain decidability can be more useful in
practice. In particular, tools for formal methods often use Presburger arithmetic
restricted to the propositional (i.e., ground) case only, but with extensions (such as
equality with uninterpreted function symbols) [NO79, Sho77, Sho79, Sho84] that are
undecidable in the quantified theory. These arithmetics are adequately expressive
for most problems in computer science, and formal methods tools incorporating effi-
cient implementations of their decision procedures can be very effective in practical
applications.

A.5.3 Simple Datatypes

Peano’s axioms serve as a prototype for axiom systems specifying other datatypes
commonly used in computer science, such as lists, trees, and so on. Usually, these
datatypes have some constructors, which are constants or functions that generate
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values of the kind considered (e.g., 0 and succ in Peano arithmetic), and some
accessors, which are functions that reverse the process—breaking a value of the kind
under consideration into the components that generated it (there are no accessors in
Peano arithmetic as I defined it; the predecessor function would be an accessor if it
were added to the theory). Datatypes require some axioms to specify the relationship
among the constructors and accessors, others to specify that values constructed from
equal components are equal, and another that specifies an induction scheme.

As an example, here is a theory of lists, with constructors A (a constant, repre-
senting the empty list) and cons (a function that builds a new list from a term and
an existing list), and accessors car and edr.*! L is a predicate that recognizes lists;
L(1) is true exactly when [ is a list. The first three axioms state that A and cons
construct lists, and that A is different from any list constructed using cons.

o L(A),
e L(1) D L(cons(z,1)),
e L(I) D cons(x,l) # A.

The next two axioms describe the relationship between the accessors car and cdr
and the constructor cons:

e L(1) D car(cons(x,l)) = z,

o L(1)D edr(cons(z,1)) =1,
Note car(A) and cdr(A) are left unspecified; they are usually taken as errors.

More sophisticated logics allow them to be explicitly disallowed.

Next is an extensionality axiom (one that says values are equal if their components
are).

o LIWNL(I)NL # ANl # ANcar(ly) = car(ly) Aedr(ly) = cdr(ly) D 1 = Ls.

The following is an example of what is sometimes called an eta rule (one that says
a value is equal to that constructed from its components); it is a lemma that can be
proved from extensionality.

o LIHWANL# AN DI = cons(car(l), cdr(l)).

Next, we have a structural induction scheme: to prove a property ¢ of a general list
[, it is enough to prove it for A and to prove that if it is true for a list I/, then it will
also be true for the list cons(z, ).

*!Sometimes the names hd (head) and # (tail) are used instead of car and cdr, respectively.
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o (A(A)AN(Va, U LITYN (') D Pp(cons(x,1")))) D (VI: L(1) D &(1)).
One consequence of the induction scheme is that all lists are either A or a cons:
o L(I)DI=AV 3z, l':1=cons(z,l').

Finally, we have a length function that can be used in termination arguments for
recursively-defined functions on lists:

o length(A) = 0 A length(cons(z, 1)) = length(l)+ 1.

(More generally, we sanction functions defined in a similar manner to that used for
length.)

Many datatypes commonly used in computer science (such as trees, stacks, etc.)
can be specified by axioms similar to those shown above for lists. Because they
are so regular, some computer systems supporting formal specification languages
can generate suitable axioms automatically for a certain class of data structures,
given only a very compact description of the datatype concerned. For example,
PVS [ORS92] generates axioms equivalent to all those shown above (they are slightly
different because PVS is a typed logic) from the following specification.

1list[t:TYPE] : DATATYPE

BEGIN

null: null?

cons (car: t, cdr: list): cons?
END list

The “shell” mechanism of the Boyer-Moore prover [BMS&8] provides similar capabil-
ity.

A.5.4 Set Theory

During the nineteenth century, several mathematicians attempted to provide a de-
fensible basis for the manipulations performed in analysis (canceling by dz and the
like). Cauchy, for example, gave precise definitions to the notions of limit and conver-
gence that had troubled mathematicians since the invention of calculus. Dedekind
and Peano’s abstract formulations of the real and natural numbers suggested that it
might be possible to construct all of mathematics on a few broad, basic principles.
Central to these constructions were the ideas of set theory (mainly developed by
Cantor) and logic.*?

*280urces for this material include Hatcher [Hat82], Levy [Lev79], Fraenkel [FBHLS84], and Shoen-
field [Sho78a)].
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Frege was the first to develop the notion of logic as a formal system in the
modern sense. His system was similar to a modern higher-order system,*® with
a nonlogical component that defined a form of set theory, now known as naive set
theory. The nonlogical part of Frege’s system included a two-place predicate written
as infix € and pronounced “is a member of.” The intended interpretation is that
x € y expresses the idea that z is a member of the set y. The important point is
that as well as being composed of its members, a set can also be regarded as single
entity, and can itself be a member of other sets. Furthermore, it is essential to the
constructions of Dedekind and Cantor that sets can have infinitely many members.

It seems reasonable to suppose that two sets are equal if and only if they have
the same members. This is called the principle of extensionality, and it was an
axiom of Frege’s system. A set can be specified extensionally by simply listing all
its members: for example

y = {red, blue, green}.

Another way to specify a set is by stating a property that its members must satisfy:
for example,
y=Az|o(z)}

is the usual notation for saying that the set y consists of exactly those members
z satisfying the property ¢. This is called specifying a set intensionally. The
idea that every property determines a set (i.e., that we are allowed to specify sets
intensionally) is the principle of set comprehension (also called abstraction). The
principle of comprehension, which was another axiom of Frege’s system, can be
expressed as

(Fy:(Vz:2 ey=d(x))).

It says that for any property (wff) ¢ of one free variable, there is a set y consisting
of exactly those x satisfying ¢.

Frege showed that he was able to construct the building blocks of mathematics
(such as the natural numbers) within his system, and gave convincing arguments
that it could serve as a foundation for the whole of mathematics. Unfortunately,
this plan was destroyed by Russell in 1902 [Rus67], who pointed out that Frege’s
system is inconsistent, and therefore unsound (any sentence can be proved in an
inconsistent system). Russell’s Paradoz, as it is called,** is simply the principle of
comprehension with z ¢ 2 for ¢(z). Intuitively, this can be interpreted as follows: if
every predicate determines a set, then consider the set y determined by the predicate

**Higher-order systems are described in Section A.10.

441t should really not be called a paradox; it is a plain contradiction. Other contradictions were
known in naive set theory prior to Russell’s discovery. These, too, are generally called paradoxes,
although technical literature often uses the term antinomies. These other antinomies (for example,
those of Cantor and Burali-Forti) involve ideas from set theory (in particular, infinite cardinal and
ordinal numbers), whereas Russell’s goes to very heart of logic itself.
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x ¢ x. That is, y is the set of all sets that are not members of themselves. Now, is
y a member of itself or not? If it is, then it satisfies its defining predicate, so that
y € y—that is, it is not a member of itself. Conversely, if y is not a member of itself,
it does not satisfy the defining predicate, so that y € y—that is, it is a member of
itself. Either way we obtain a contradiction.

Frege acknowledged that Russell’s Paradox destroyed his system’s founda-
tion [Fre67] but it was left to others to reconstruct those foundations on a secure
footing. The basic problem is in the unrestricted principle of comprehension; fixing
the foundations requires placing some control on the way this principle is employed.
There are two main approaches by which this can be done. Axiomatic set theory is
one approach, type theory is the other. Here I sketch the axiomatic approach; type
theory is described in Section A.10.

The idea behind axiomatic set theory is to allow new sets to be constructed only
from existing sets—that way, we avoid things getting out of hand and leading to
the antinomies. The best known axiomatic set theory is called Zermelo-Fraenkel (or
7ZF), after its inventors. In the most austere presentations of ZF, everything is a
set (i.e., has zero or more members); sometimes “urelements” (also called “individ-
uals”) are provided as well-—these can be members of sets but cannot themselves
have members. Since everything can be encoded in set theory without urelements,
and since it makes some of the statements simpler, I will consider only sets. Also
note that ZF uses a very limited predicate calculus, in which € and = are the only
predicate symbols, and there are no function symbols. Functions and additional
predicates (not to mention numbers, and the whole of mathematics) are later con-
structed within ZF.

There are eight axioms in ZF; they can all be stated in several different forms
(see [FBHL84] for an extended discussion and [Hal84] for an examination of the
underlying intuitions), and I will merely describe them, rather than give their formal
statements, here.

Extensionality: says that two sets are equal if they have the same members. In
symbols
(Ve:z€ea=z€b)=a=b.

We can introduce the notion of subset by a similar construction:
(Vz:z€aDdzeb)=aCb,

but notice that this is merely a definition (i.e., a metalinguistic abbreviation),
not an axiom.

Pair: says that if we have two sets a¢ and b, then we can form a new set whose
members are just @ and b. This set is called the pair-set of a and b. By taking
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a = b, this also allows us to form the set {a, a}, which by extensionality is the
same as the singleton set {a}. (This axiom can be dispensed with if certain
technical adjustments are made to provide “function-classes” [Lev79]).

Separation: says that given a set a, we can form a new set b consisting of just those
members of a satisfying a property ¢. This is similar to the unsound axiom
of comprehension, except that members of the set defined by the property are
required to come from some existing set a. This construction is usually written

b={z € alé()).

Union: says that if we have a set a (of sets), then we can form a new set consisting
of the members of all its members. This set is sometimes called the sum-set
and written | a.

Tterated application of the axioms of pairing, separation, and union allow us
to construct many familiar sets. For example, we can define the union a U b
of two sets @ and b to be the sum-set of their pair-set. Then we can construct
the set {a,b,c,d} as the union of two pairs: {a,b} U{c,d}. Intersection and
set difference can be defined using separation:

anNb={z €alz € b},

a\b={z €alz b},

and the properties of associativity and distributivity can be proved from these
definitions.

Power set: says that the powerset of a set is a set (i.e., we can talk of the set of
all subsets of a given set). The powerset of a set a is usually denoted P(a) or
AR

Infinity: says that there is an infinite set. The axioms introduced so far tell us how
to combine existing sets to yield new ones, but they do give us any sets with
which to start the process. If we suppose that we had a set to start with—call
it X, say, then we could form the emptyset by separation: ) = {z € X |z # z}.
We could then form an infinite collection of sets by a recurrence such as

nNg = @
Niy1 = nZU{nZ}

(so that ng = 0,ny = {0}, ny = {0,{0}},n3 = {0,{0},{0,{0}}} and so on??).

But although we then have an infinite collection of sets, we have nothing that

45Note the difference between the emptyset and the set having the emptyset as its only member.
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allows us to call that collection a set, and no other way to be sure that there
is an infinite set.

There are many ways to state the axiom of infinity, but one way is to say that
the collection of sets n; defined as above is a set (it is usual also to state that
the emptyset is a set, in order to avoid the need to “seed” the process with
some arbitrary set X'). The set of n; created in this way is called w, and it
plays a fundamental role in the development of numbers (the number 2, say,
is defined to be the set ny and so on), but how do we know it is infinite? One
definition of an infinite set (due to Dedekind) is one whose members can be
put into one-to-one correspondence with some strict subset of itself. Since the
members of w can be put into one-to-one correspondence with the strict subset
w\ ng (just associate n; with n;41) we see that w is infinite. The particular set
w might seem an arbitrary choice, so more general statements of the axiom of
infinity sanction the kind of recurrence we used to create the members n; of
w, without singling out that particular construction.

Replacement: says that if f is a function and z is a set, then the collection of all

f(y) for y € z is a set. I have expressed this axiom in terms of a function f,
but functions are not primitive in ZF (I will define them shortly), so formal
statements of the axiom can be rather complicated.

To understand why it is needed, consider the infinite collection of sets defined

by:

Vo = 0
Vi = P(V))

(SO that Vo = @7‘/1 = {@}7‘/2 = {@7 {@}}7V3 = {@7 {@}7 {{@}}7{@7 {@}}} and
so on). We would like to say that this collection is a set, and the axiom of
replacement allows us to do so by exhibiting the function f such that f(n;) =
V;. Since the n; form a set (by the axiom of infinity), so do the V;.

Most of the axioms of ZF were first stated by Zermelo, but the axiom of re-
placement is usually credited to Fraenkel (although Skolem and von Neumann
have stronger claims). The importance of this axiom is that it is what al-
lows the construction of the “higher” infinities (e.g., by allowing the collection
{w,P(w),P(P(w))...} to be a set; we then take its sum-set, and start taking
powersets again, and so on).

Regularity (also called foundation): says that every nonempty set (of sets) has

a member that has no members in common with the original set. This is a
technical axiom, intended to eliminate unintuitive possibilities, such as sets
which are members of themselves.
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Among its consequences are that every set is well-founded: that is, if a is any
set and ag € a, and ay € ag ...and ;41 € a; and ..., then this sequence
eventually terminates.*® Well-foundedness allows us to prove things about
sets by induction over the € relation. Non well-founded sets have been studied
recently, and may have some application in computer science [Acz88].

The eight axioms given above are generally augmented by one more:

Choice: says that for any set of sets, thereis a choice function that selects a member
from each of the member sets. (By the axiom of replacement, we can then
form a set containing just the members so chosen.) This axiom was added
to support the constructions used in a number of important theorems (e.g.,
Zermelo’s well-ordering of the reals).

7ZF plus the axiom of choice is generally denoted ZFC and is considered an
adequate foundation for the whole of mathematics.

The axiom of choice is rather different from the other axioms because of its
essentially nonconstructive character: it asserts that a choice function exists,
but doesn’t tell us how to construct one. For this reason, the axiom is some-
times considered a little suspect, and there have been many attempts to find
more constructive replacements for it. It turns out that weaker axioms are
unable to support some parts of mathematics, and alternative axioms of ad-
equate power (e.g., “every set can be well-ordered” or the result known as
Zorn’s Lemma) are all equivalent to the axiom of choice [RR63].

Godel showed in 1939 that the axiom of choice was consistent with the other
axioms (i.e., if you couldn’t get a contradiction from the other axioms, adding
the axiom of choice wouldn’t enable you to get one). In 1963, Cohen showed
that the negation of the axiom of choice is also consistent with the other
axioms—so that this axiom is truly independent of the others.

7ZFC minus the axiom of replacement is called Zermelo set theory, and is
strictly weaker than ZFC, since it excludes certain transfinite sets. There are
other set theories, of which the best known is that of von Neumann, Bernays
and Goédel (known as NBG or VNB set theory). This theory has a notion of
(proper) “classes” as well as sets (proper classes can have sets as members,
but cannot themselves be the members of sets or proper classes). NBG is
sometimes preferred to ZFC because it has a finite axiomatization.*”

€A relation > is well-founded if there are no “infinite descending chains”—i.e., no infinite se-
quences ag > @1 > ... > a; > ... A well-founded set is one such that the 3 relation (a 35b=b¢€ a)
is well-founded. This and other properties of relations are described in more detail in Section A.7.

47t is also a conservative extension of ZF. Conservative extensions are described in the next
section.
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Some of these distinction can be important when mechanizing formal methods.
Although ZF is used by most tools for formal methods based on set theory,
Mizar, for example, uses a set theory due to Tarski and Grothendieck [Rud92].

The operator known as Hilbert’s £ symbol is related to the axiom of choice.
When ¢ is some wif with a single free variable x, then cz : ¢ denotes “the z
such that ¢”—that is some value that satisfies ¢, if any such exists, otherwise
some arbitrary value. The symbol can be specified by the axiom scheme

(Fz:p(2)) D dlex: @)

and can be used to define a choice function (for a set a, let ¢ be z € a). If
we denote ZF plus the € symbol as ZF., then it might look as though 7ZF. =
7ZFC. This is not so, however, for ZF. merely adds the ¢ operator, it does not
strengthen the axioms of separation and replacement to allow wffs involving e
(see [FBHL84, page 73, footnote 1] and [Lei69, section 4.4]); thus, although we
could use ¢ to select representatives from a set of sets, we cannot say that this
collection of representatives is a set. Hilbert’s Second £ Theorem states that
any theorem of ZF. not involving ¢ in its statement is also a theorem of ZF
(i.e., ZF. is a conservative extension of ZF and so the axiom of choice is not
a theorem of ZF.). If the axioms of separation and replacement are extended

to allow wifs involving ¢, then we do obtain the axiom of choice.®

I have already sketched how familiar set operators such as U and N can be defined
within ZF, next I briefly describe how relations and functions are constructed. This
process is essentially similar to “programming” in a very restricted language.

First, the ordered pair (a,b) is represented by the set {a,{a,b}} (this “coding
trick” is due to Kuratowski and Wiener). Then we can define the Cartesian product
x X y of two sets z and y by

zxy={(a,b)|a€xNbE€Ey}.

This construction can be justified (i.e., we can establish the right-hand side is a set)

by observing that
(acxzANbey)D(a,b)e P(P(zUy))

and then using the separation axiom. A predicate P on a set z is a subset of z, and
I generally write P(a) for a € P. A relation R between z and y is defined to be a
subset of 2 x y and I usually write aRb for (a,b) € R (if z = y, we say a relation on

*8In systems (such as PVS) that are based on higher-order logic (see section A.10), it is a simple

exercise in specification and theorem proving to state and prove a type-restricted form of the axiom
of choice from the axiom for .
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In set theory, quantified expressions of the form (Va : 2 € S D ¢(2)) are usually
abbreviated to (Vz € S : ¢(x)). Similarly, (3z € S : ¢(x)) is an abbreviation for
(Jz:z € S A ¢(z)). Using these notations, the domain of R is the set {a € 2|3b €
y @ aRb} (i.e., the set of all first components of pairs in R), and its range is the
set {b € y|Ja € z : aRb} (i.e., the set of all second components of pairs in R).
(Relations on three or more sets can be defined by iterating the construction). The
domain restriction of R to a set sis {(z,y) € R|z € s} and is denoted s < R; The
range restriction of R toaset sis {(z,y) € R|y € s} and is denoted Rrs. The image
of a set s under the relation R is the range of s< R; the inverse image is the domain
of R>s. The inverse relation R~1 of R is given by R™! = {(b,a) € yx x| (a,b) € R}.

A relation fis a function from z to y if (Va € 2: (Vb,c € y:a fbAa fec D b=rc))
(i.e., if at most one member of the range relates to each member of the domain); f is
total if its domain is the whole of z (otherwise it is partial); it is surjective if its range
is the whole of y. A function is injective if (Ve € y:(Va,b €z :a feNbfeDa=0))
(i-e., if at most one member of the domain relates to each member of the range); a
function is bijective if it is both injective and surjective. When f is a total function
and a € z, the unique b such that a fbis denoted f(a). It is a matter of considerable
debate how f(a) should be treated when f is partial and a € z is not in its domain;
some of the options are discussed in Section A.11.2.

Although ZF set theory provides the underpinnings for some well-known speci-
fication notations such as 7Z [Spi88], there are rather few theorem proving systems
for classical set theory. Ontic [McA89], and the theorem prover (called “Never”)
of the Eves system [CKM™91], are the most substantial. Also, the generic theorem
prover Isabelle [Pau88] has an instantiation for ZF set theory. Decision procedures
for fragments of set theory have been extensively studied by Cantone and others
(see, e.g., [Can91]). Over a period of 20 years, the Mizar project has formalized and
mechanically checked an extensive body of mathematics from a set-theoretic foun-
dation [Rud92]. The Mizar proof-checker seems to provide very little automation,
however.

A.6 Definitions and Conservative Extension

In Section A.3 T explained how new propositional connectives could be introduced
either as abbreviations (a metalogical approach), or by extending the formal system
with additional axioms. In this section I examine how new predicate and function
symbols can be introduced into a formal system.*?

It is clear that we can introduce new predicate or relation symbols as abbre-
viations (they are then generally called defined symbols) and that we do not add

**Sources for this section include Gordon [Gor88] and Shoenfield [Sho67].
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anything new (other than notational convenience) to the formal system by so doing
(since we can always simply expand the abbreviations). Thus, if we already have
the relation < available, we can introduce < as a defined symbol using

xgydéfx<y\/;v:y.

If we want @ < y to be an expression in the object language, then we must
expand that language by adding < as a new predicate symbol, and then supplying

r<y=z<yVz=y

as a new axiom.

Now there are many sentences involving < that we might have chosen to add as
its “defining axiom,” and some of these might be dangerous. For example,

(z<yvVe=y)A(z<yDd(z<yVz=y))

enables us to deduce a contradiction (from 3 # 2, deduce 3 < 2 from the first
conjunct, and hence the contradiction 3 < 2V 3 = 2 from the second). What we
need are some simple rules that stop us ruining our formal system by introducing
inconsistencies under the guise of defining a new symbol. The requirement that a
defining axiom should leave the formal system consistent is a little too strong, since
the system might have already been inconsistent; what we can require is that the
defining axiom should add no new inconsistencies or, equivalently, that if the formal
system was consistent before, then it will remain so after the addition of our defining
axiom.

A definition is presumably intended to introduce some new concept to the formal
system, not to add new properties to existing concepts. Thus we should require
that the addition of a definition to a theory creates a conservative extension of the
existing theory. The enlarged theory is an extension of the original if all theorems of
the original remain so in the enlarged theory; the extension is conservative if every
theorem of the enlarged theory that is expressed in the language of the original
theory is also a theorem of the original theory. Whether or not an extension is
conservative can depend on how the additions are made. For example, if we have
a theory 7 to which we add two new constants @ and b to form a theory 77, then
T is indeed a conservative extension of 7. But if we then add the axiom a = b to
create the theory 7", then 7" is not a conservative extension of 77, since a = b is
a theorem of 7" that is expressed in the language of 77, but it is not a theorem
of T'. However, T" is a conservative extension of 7. Distinctions such as this are
significant when extensions are made incrementally, since many support systems for
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formal methods require that each step is conservative; such systems would allow 7
to be extended to 7" in one step, but not in two steps via 77.5°

Our original search for ways of extending theories without introducing inconsis-
tencies can now be recast as one for rules of definition that guarantee conservative
extension. In the case of a predicate symbol P, the rule that the defining axiom

should be of the form

P(zy,...,2,) = ¢,
where P does not appear in the wff ¢ and no variables but zq,...,z, are free
in ¢ does the job. Our original definition for < has this form, and is obviously

satisfactory.

51

For a function symbol f, a suitable defining axiom®' is one of the form

y:f(xlv"'vxn)z¢7

where ¢ is a term not containing f and in which no variables but zq,..., 2, and y
are free, provided we can prove the existence condition

Jy:o
and the uniqueness condition
oAdly — 2Dy ==

For example, to introduce the square root function y/z, the defining axiom would

be
y=Ve=yxy=uz

59There are more powerful ways of building up consistent theories than by simply making in-
cremental conservative extensions. For example, Robinson’s Consistency Theorem says that if two
consistent first order systems are in “complete agreement” on their common language (i.e., for each
formula ¢ in their common language, at most one of ¢ or —¢ is provable in both systems), then the
union of the two systems is consistent [BJ89, chapter 24].

511t is reasonable to ask whether every concept (i-e., constant, predicate, or function) can be
introduced by an explicit defining axiom: might there not be some that can only be defined implicitly
by a complex web of axioms? First of all, we can say that an axiom is independent of the others
in a theory if there is a model for the others that falsifies the one under consideration. (E.g.,
non-Euclidean geometries are interpretations of Fuclid’s system that make the Fifth Postulate
false but all the others true, thereby demonstrating that the Fifth postulate is independent of the
others.) Padoa extended this idea to a method for showing that a concept ¢ is independent of others
Do, - .., pn under axioms Ag, ..., A,,: if there are two models that both give the same interpretations
to po,...,pn and both valuate Ag,..., A, to true, but give different interpretations to ¢, then ¢
is independent of the other concepts. Beth’s Definability Theorem shows that Padoa’s technique is
complete: if a concept ¢ is, in fact, independent of the others in a theory, then Padoa’s technique
will succeed in demonstrating that fact. From this it follows that any concept that is implicitly
definable in first-order logic is also explicitly definable (see [BI89, chapter 24] or [Kle67, § 57]).
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(so that ¢ is y x y = ), the existence condition would be
dy:y x y =z,
and the uniqueness requirement would be
YXy=zANzXz=2DYy==z

(which might be hard to prove on the reals!).

An important special case is the one where y does not appear in ¢; in this case,
the defining axiom is equivalent to the equation

f(xlv"'vxn):¢

and the existence and uniqueness conditions are always provable. This convenient
result can be extended to recursive definitions (i.e., those in which f appears in ¢)
provided they have certain simple forms.

The simplest such form is that of primitive recursion:

f(ovxlv"'vxn) = g(xlv"'vxn)
fla+ 1z, o0 2n) = M2, T )y 4 X1y e e ey T)

where g and h are already defined functions that need not take all of the arguments
T1y..., &, (nor ¢ in the case of h). This can be also be written in the form

fliyzq,...,2,) =i i =0 then g(z1,...,2,)
else h(f(i— 1,21,...,20),i— 1,21, ..., 25).

(Clearly, the induction variable ¢ need not be the first argument.) As an example,
observe that Peano’s axioms for multiplication

rx0 = 0
rx(i+1) = zxita

are primitive recursive (n =1, g(2) = 0, h(z,¢,2) = z + z) and can also be written
in the alternative form

zxi=1if ¢ =0 then 0 else 2 x (i — 1) + 2.

When we enlarge our formal system with constants, functions, and predicates
that define some new “datatype,” we often wish to define additional functions by
recursion on the structure of the datatype. For example, if we have introduced lists,
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with A, cons, car, and cdr, we might want to define a function sum that adds up
the value of all the nodes. We might define this by

sum(A) = 0
x + sum(l)

sum(cons(x,1))
or, equivalently, by
sum(l) = if [ = A then 0 else car(l) + sum(cdr(l)).

Plainly, we could prove a metalogical theorem that this construction provides con-
servative extension just as primitive recursion does, and we could even prove more
general results for all datatypes defined by certain structured sets of axioms. How-
ever, another way to justify these definitions is by providing a measure function
from the recursion variable (here /) to the natural numbers and proving that the
value of this function strictly decreases across the recursion. In this case, the obvi-
ous measure function is the length of the lists concerned, and the theorem we would
have to prove is

1 # A D length(cdr(l)) < length(1),
which will be provable in any well constructed theory of lists.

There are several tricky details that need to be taken care of in specification
languages that provide a “definitional principle” for recursions of this sort. For
example, taking the identity function as the measure, the definition

silly(n) = if n = 0 then 0 else silly(n —2) x n

might appear conservative, despite the fact that it “steps over” the “termination
condition” » = 0 when applied to an argument that is an odd number. Obviously,
the definitional principle must eliminate this possibility if it is to be sound, but
methods for doing this are best examined in the context of the particular language
concerned.??

Not all functions are primitive recursive. The standard example is a function
due to Ackermann, which in its modern form is given by

ack(m,n) = if m = 0 then n+1
elsif n = 0
then ack(m-1, 1)
else ack(m-1, ack(m, n-1)).

52In PVS [ORS92], for example, the definition of silly would be considered type-incorrect because
the recursive argument n — 2 cannot be shown to be a natural number (unlike n — 1, which could
be shown to be a natural number if n is, in the context n # 0).
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This function cannot be defined by (first-order) primitive recursion.®® However, a
definition such as this can be shown to be conservative by demonstrating that the

“size” of its pair of arguments (notice that ack is recursive in both its arguments)

decreases across the recursions according to a lexicographic ordering on pairs:>*

(m1,m1) < (ma,ng) = my < maV (my =mg Ang < ng).
Here, we need
(m—-1,1) < (m,0),
(m—1,ack(m,n—1))> < (m,n), and
(m,n—1) < (m,n),

which are all true in the lexicographic ordering.
We might try to justify use of lexicographic ordering to ensure conservative

extension using a naive extension to the measure function approach. That is, we
could look for a function size that would map the pair of arguments to ack into a
single number that is strictly decreasing across the recursions:
size(m —1,1) < size(m,0),
size(m — 1,ack(m,n—1)) < size(m,n) and
size(m,n—1) < size(m,n).
A plausible function is
size(m,n) =& X m+ n,
provided £ is big enough to ensure
Ex(m—1)+ack(mn—1)<Exm+n
(from the second case)—that is
&> ack(m,n—1)—n.

Now ack(m,n— 1) grows much faster than n, so the right-hand side is unbounded—
and this suggests that & needs to be infinite!

In fact, this is not so implausible as it might seem, and it serves to motivate
introduction of the transfinite ordinals, which are numbers with the properties we
require.

5*Though it can be defined by a higher-order primitive recursion: that is, a definition restricted
to the form of primitive recursion, but with functions allowed as arguments [Gor88, pp. 96, 97].

54 This ordering is called lexicographic because it is the way words are ordered in a dictionary—
first on the initial letter, then on the second, and so on.

55Since ack is the function whose termination we are trying to prove, it should not appear in its
own termination argument. A better form of this obligation is Vf:(m — 1, f(m,n — 1)) < (m,n).
The quantification over all functions f (of the appropriate signature) is a higher-order construction.
Since I have not yet introduced higher-order logic (see section A.10), I will continue with the rather
suspect construction that uses ack itself.
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A.7 Ordinal Numbers

Natural numbers can be used in two ways. If we have the members of a set somehow
arranged in order, then we can count off its members, and can speak of the “second”
member, and the 365th, and so on. Numbers used in this way are called ordinals.
Alternatively, we can simply ask how many members there are in the set; numbers
used in this way are called cardinals. For finite sets, the natural numbers serve
as both ordinals and cardinals; with infinite sets, however, things get a little more
complicated.

The extension of ordinal and cardinal numbers to infinite sets was the work of
Cantor.”® First, though, it is necessary to distinguish different kinds of infinity.
Aristotle distinguished the potential from the actual or completed infinite; the po-
tential infinite typically arises when some variable can take on values without limit.
Any particular value is finite, but the range of possibilities is unbounded. Prior to
Cantor, it was generally assumed that mathematics could only be concerned with
the potential infinite; the actual infinite was considered unfathomable. Cantor broke
through this restriction of thought and divided the actual infinite into the increasable
infinite, or transfinite, and the absolute infinite. For Cantor, the transfinite

“is in itself constant, and larger than any finite, but nevertheless un-
restricted, increasable, and in this respect thus unbounded. Such an
infinite is in its way just as capable of being grasped by our restricted
understanding as is the finite in its way.” [Hal84, page 14]

Ordinal numbers are used to count the members of a set arranged in some order,
so first we need some terminology for ordering relations. A binary relation < on a
set a is said to be

reflexive: if 2 < z,

irreflexive: if —(z < 2),

symmetric: if x <y Dy < 2,
asymmetric: if 2 <y D —(y < 2),
antisymmetric: if s < yAy <z Da =y,

transitive: if s < yAy <z Dz < z,

%6Sources for this section include Cantor [Can55], Hallett [Hal84], Hatcher [Hat82], John-
stone [Joh87] and Phillips [Phi92]. A less technical but very readable introduction to Cantor’s
work is provided by Dunham [Dun91, chapters 11 and 12].
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connected: if z < yVy< z,
trichotomous: if z < yVy <z Va=y, and

well-founded: if Vb Ca:b#0 D> 3Jz €b:—-Jy €b:y <z (ie., every nonempty
subset of a¢ has a <-minimal member or, equivalently, there are no infinite
<-descending chains).

Furthermore < is said to be a

preorder: if it is reflexive and transitive,
partial order: if it is reflexive, transitive, and antisymmetric,
total order: if it is reflexive, transitive, antisymmetric, and trichotomous,

strict order: if it is irreflexive, transitive, and antisymmetric (actually, the third
is implied by the first two),

strict total (or linear) order: if it is irreflexive, transitive, antisymmetric, and
trichotomous (again, the third is implied by the first two),

well-order: if it is irreflexive, transitive, antisymmetric, trichotomous, and well-
founded (actually, the last condition implies the first, the last two imply the
second, and the first two imply the third—so that all we really need is well-
founded and trichotomous). Equivalently, we can say that a well-ordering is a
well-founded linear order.

The idea of the ordinals is that they should be sets with a canonical well-order.
Then, since every set has a well-ordering in ZFC (the existence of a well-ordering
is equivalent to the axiom of choice), the members of any set can be placed in
order alongside those of an ordinal, whose members then act as numbers for all the
positions in the line. (The unique ordinal isomorphic to a given set a, well-ordered
by <, is called the order-type of (a,<).)

In ZFC, the only primitive relations are € and =, and of these only € is a
candidate for forming a well-ordering. Then, in order to achieve trichotomy, we will
need to construct sets whose members are such that of any distinct pair of members,
one is a member of the other (this is connectedness on €). It turns out that sets
with these properties can be found among the transitive sets, where a set a is called
transitive if

yexANrecadycEa.

(Transitive sets @ have the properties [Ja C a and a C P(a)—i.e., every element of
a is also a subset of a.) We then define the ordinals as the transitive sets that are
well-ordered by € (or, equivalently, the sets that are both transitive and connected).
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() is an ordinal, and if z is an ordinal, then so is 2 U {2z} (which T will denote
2’). Consequently, the sets ng, nq,...n;, ..., which were defined in just this way in
the previous section but one, are ordinals (they are called the von Neumann natural
numbers). An ordinal y such that y = 2’ for some ordinal z is called a successor;
all other ordinals (except () are called limits. Now, we know (from the axiom of
infinity) that the set w of all the von Neumann natural numbers exists; it can be
seen to be transitive and connected, and is therefore an ordinal. It can be shown
not to be a successor, and is therefore a limit ordinal (in fact the smallest one). Tt is
also our first infinite number. We can create larger infinite ordinals by iterating the
process used to create w. That is, we can form the successors ', w”,w", ... and then
collect these (together with 0,1,2,...,w) up into a set, which we will call w x 2 and
which is another ordinal. In this way we can form w X 3,w X 4,... To get further,
we need to define the operations of addition, multiplication, and exponentiation
on ordinals. These are each defined by recursion, with separate cases according to
whether the second argument is 0, a successor, or a limit.

a+0 = «
o+B = (ot
a+p = Ua+v|y < B} where § is a limit

(The less-than relation < on the ordinals is just set-membership €.) If « is the
order-type of a set a, and [ the order-type of a set b, then a + [ is the order-type
of the disjoint union of @ and b.

ax0 =0
axf = axf+a
axp = Uaxy|y<p} where §is a limit

If « is the order-type of a set a, and [ the order-type of a set b, then a x 3 is the
order-type of the Cartesian product @ X b under lexicographic ordering.

=1
o = af xa
o = U{a"|0 <5 < 3} where 3 is a limit

If « is the order-type of a set a, and 3 the order-type of a set b, then 5% is the
order-type of the function space a — b.

Note that the first two cases in each set of equations are the same as the corre-
sponding Peano axioms (with the ’ operator in place of suce), so that the successor
ordinals (and, in particular the von Neumann natural numbers) behave just like the
natural numbers. The case of the limit ordinals is a little different, however, for
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addition and multiplication are not commutative in these cases (e.g., 1 + w = w
whereas w 4+ 1 = &/, and 2 X w = w whereas w X2=w+w).
In this way we can form ordinals up to €g, which is the limit of the sequence

““  and has the property w® = ¢. (The ordinals continue beyond this,

but for formal methods ¢ is usually adequate.)

w,w¥, L w

Each nonzero ordinal « below ¢y has a unique representation (called Cantor
normal form) with the structure

a=w X a9+ w Xag+ W™ X ay,

where o > ag > a1 > --- > «,, are ordinals, and aq, aq,...a, are nonzero natural
numbers.

Constructive representations of the Cantor normal form are quite convenient
in formal methods for establishing “termination” arguments for recursions on tree-
like data structures, and are used, for example, in the Boyer-Moore prover and in
PVS. (The ordering relation < can be defined by primitive recursion on the ordinals
below €q, so its own well-definedness is easily established in most formal methods).
Returning to the example of Ackermann’s function that motivated this introduction
of the ordinals, we can now see that our treatment of its termination becomes
satisfactory if we set & = w.

The definitions given above for ordinal addition, multiplication, and exponenti-
ation are examples of definition by transfinite recursion. There is a corresponding
induction scheme called transfinite induction, which can be described as follows:

¢(0) A
If | YVa e O:¢(a) D ¢(a) A then Ya € O : ¢(a).
VB €O :(Vy <fB:6(7)) D &)

Where o € O means that « is an ordinal, and « € Op, that it is a limit ordinal.

Another way to write transfinite induction is

(Vae O: (Ve O: 5 <ad¢(B) D ¢(a))Dd(VyeO:d(y))

Written in this form, it can be seen that transfinite induction owes more to the
fact that < is a well-ordering, than to the fact that the values concerned are ordi-
nals. This gives rise to well-ordered induction, which is simply the second form of
transfinite induction generalized to the case where § is a set well-ordered by <

(VaeS:(V8eS:5<add(B))Ddo(a)d(Vyes:o(7)).

In fact, this induction scheme is sound when < is merely a well-founded rela-
tion, in which case it is known as well-founded induction (it is also called Noetherian
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induction, after Emmy Noether). Well-founded induction is the most general induc-
tion scheme: transfinite induction, and all the other induction schemes that we have
seen, can be derived from it. Tt is a great convenience if tools for formal methods
are able to support these very general induction schemes.

A.8 Cardinal Numbers

The transfinite ordinals are needed to establish the soundness of certain construc-
tions in formal methods. Transfinite cardinal numbers, on the other hand, find little
application in formal methods, so I will just briefly mention them.>”

The cardinality (or cardinal number) of a set a, often written |a|, is the “number”
of members it contains. This concept of “number” is straightforward for finite sets,
but needs care when we consider infinite sets. The key idea (due to Cantor) is to
start by defining two sets to have the same “size” (the technical term is equipollent)
if the members of one can be put into bijective (i.e., 1-1 and onto) correspondence
with those of the other. A set a is smaller than a set b if there is an injection (i.e.,
1-1 function) from a to b, but not vice-versa.”®

The cardinal number of a set could be defined as some canonical member chosen
from the collection of sets that have the same size. The trouble is that this collec-
tion is too big to be a set, so we cannot define it within set theory. However the
ordinals having the same size as a given set do constitute a set; and since any set
of ordinals is well-ordered, we can choose the least member of that set to be the
canonical representative that is the cardinal number of the original set. It is easy to
see that the transfinite cardinals are chosen from the limit ordinals. The smallest
transfinite cardinal is w; when considered as a cardinal, it is usually written Ng and
pronounced “aleph-null.” Sets of cardinality Rg (i.e., those whose members can be
put into bijective correspondence with the natural numbers) are called countably or
denumerably infinite. (Recall Dedekind’s definition that a set is infinite if it has the
same size as some strict subset of itself.) All the ordinals mentioned in the previous
section, including ¢g are countable. The smallest uncountable ordinal is denoted €;
as a cardinal it is denoted N;.

Cantor’s theorem demonstrates that the size of any set is strictly less than that
of its powerset,’ so we know |w| < |P(w)|. We have defined |w| = Ng, and
cardinal arithmetic is defined so that |P(w)| = 2%. Thus Ry < ¥; < 2%, The

“TThis section draws on Halmos [Hal60].

58The Schroder Bernstein theorem states that if there is an injection from a to b, and vice-versa,
then the two sets have the same size. Its proof is a standard test piece in mechanized theorem
proving. (It is the transfinite cases that are interesting.)

%*This is another standard small problem for mechanized theorem proving. Again, it is the
transfinite cases that are interesting.
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continuum hypothesis conjectures that the second of these relations is not strict:
i.e., Xy = 2% Now the set of real numbers has the same size as P(w), so another
(in fact, the original) way to state the continuum hypothesis is that the cardinality
of the reals is the least uncountable cardinal. (The set of real numbers is also known
as the continuum, hence the name of the hypothesis.) The continuum hypothesis
is known (by results of Godel and Cohen) to be independent of the axioms of set
theory.

A.9 Many-Sorted Logic

Classical first-order theories treat all individuals as belonging to some single uni-
verse. It is sometimes convenient to distinguish different sorts of individuals within
the universe. For example, we may want some variables to represent natural num-
bers, others reals, and so on. Many-sorted logic allows first-order systems to be
extended in this way. Mathematicians generally use subscripts to indicate the sort
to which a variable belongs, so that z,, for example, indicates a variable z of some
sort called o. Quantification in many-sorted logic extends only over the sort of the
variable concerned, so that

(Vs 2 ¢(x))

means that the formula ¢ with free variable z is true whenever z is replaced by any
value of sort o (for simplicity, I generally drop the sort subscript once the variable
has been introduced). Functions and predicates also indicate the sorts of values
over which they operate. For example, the function abs whose value is the natural
number that is the absolute value of its integer argument will be described as having
signature Z — N, where Z is the sort of integers, and A that of natural numbers.
As with individuals, the signature of a function can be indicated in formulas as a
subscript, for example

2z #0 D absz_(xz) > 0.

The model theory of predicate calculus is adjusted in the many-sorted case so
that each sort is interpreted by its own specific “carrier set” and various technical
adjustments are made (for example, sorts should generally not be empty) so that the
resulting system is sound and complete. Many-sorted systems are very natural for
computer science, since computer programs usually need to distinguish the different
kinds of objects represented and manipulated.
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A.10 Typed Systems and Higher-Order Logic

While Zermelo and Fraenkel developed axiomatic set theory, Russell [WR27] ex-
plored a different approach to the construction of a consistent set theory.?® Con-
sidered from one perspective, Russell’s paradox demonstrates that Frege’s axiom
of comprehension is dangerously unrestricted. This is, essentially, the perspective
of axiomatic set theory: the ZF axioms break the unrestricted connection between
predicates and sets given by the axiom of comprehension and substitute more con-
strained ways of constructing sets. But there must be more to it than this, for
it is possible to reproduce Russell’s paradox without ever mentioning sets: simply
consider the predicate that characterizes those predicates that do not exemplify
themselves.®! Predicates such as this are higher order: their construction involves
predicates that apply to predicates, and quantification over predicates. For example,
if we abbreviate the predicate that characterizes those predicates that do not exem-
plify themselves by PNET (for Predicates Not Exemplifying Themselves), then the
definition for this predicate is PNET(P) = = P(P). Russell’s paradox is obtained
by substituting PNET for the free predicate variable P in this definition to obtain
PNET(PNET)=-PNET(PNET).

Frege’s system was higher-order, and we can now see that axiomatic set theory
does much more than replace the axiom of comprehension with the axioms of ZF:
it also eliminates all functions and all predicates but € and = from the logic and
restricts quantification to the first-order case (i.e., variables can range only over
sets).%2 ZF then reconstructs functions and predicates within set theory (as sets
of pairs) and in this way develops an adequate foundation for mathematics. This
approach is that associated with the formalist school of Hilbert, and is essentially
mathematical and pragmatic; it is mathematical because it is based on essentially
mathematical intuitions. No one would claim that the axiom of replacement, say, is
an elementary truth, fundamental to all rational thought; rather, it is a mathemat-
ical construction (and a pragmatically motivated one at that).

Unlike the formalists, Frege and Russell were logicists: they wanted logic to
comprise ezxactly the fundamental truths of rational thought, and then wanted to
show that mathematics followed from such a logic: they didn’t want to axiomatize
mathematics, they wanted to derive it. What Russell sought to do, therefore, was

%8ources for this material include Andrews [And86], Hatcher [Hat82], Benacerraf and Put-
nam [BP&3], van Bentham and Doets [vBD83], and Hazen [Haz83].

81 A predicate exemplifies itself if it has the property that it characterizes: for example, the
predicate that characterizes the property of being a predicate is clearly a predicate, and does
exemplify itself; whereas the predicate that characterizes the property of being a man is not a man,
and so does not exemplify itself.

%2The idea that set theory should be based on first-order logic was due to Skolem. A very readable
account of the emergence of first-order logic is given by Moore [Moo88].
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to retain all the generalities of Frege’s system, with arbitrary function and predicate
symbols, and higher-order quantification (because these are necessary to capture
informal logical discourse, and to derive mathematics without additional axioms),
but to find some minimal and plausibly motivated restriction that would keep the
antinomies at bay.

Russell and Poincaré, in the course of an exchange of letters, decided that the
source of the antinomies was what Russell called “vicious circle” constructions, and
what Poincaré called impredicative definitions [Gol88]. An impredicative definition
is one that has a particular kind of circularity; it is not the circularity of recursion,
but one where a thing is defined by means of a quantification whose range includes
the thing being defined. Thus, a set b is defined impredicatively if it is given by
forms such as

b={x|Vy € a:P(x,y)},
where P is a predicate and b may be an element of a.

In work culminating in the Principia Mathematica [WR27] (written with A. N.
Whitehead), Russell developed his ramified theory of types that augments higher-
order logic with rules that exclude impredicative definitions.® There are two com-
ponents to the ramified theory: types and orders. The second of these causes certain
technical difficulties, and Russell introduced an “axiom of reducibility” to get around
them. Chwistek and Ramsey thought that this axiom vitiated the purpose of or-
ders, and that one might as well have started out with just the notion of types and
never bothered with orders. However, this simpler theory is not predicative and is
vulnerable to some paradoxes that are avoided by the ramified theory.

Accordingly, Ramsey (building on an observation of Peano) divided the para-
doxes into those he called logical (such as Russell’s, Cantor’s and Burali-Forti’s), and
those he called semantic or epistemological (such as the Liar, Richard’s, Grelling’s,
and Berry’s®); he then argued that the epistemological paradoxes are the concern of
philosophy or linguistics, not logic, since they concern the interpretation of concepts
like “nameable,” not basic problems in the machinery of deduction. Ramsey argued
that the requirement on a logic is that it should exclude the logical paradoxes. He

%°Timitation to predicative definitions is a powerful restriction: it eliminates construction of the
Dedekind cut, and with it a good part of analysis, and also Cantor’s theorem and the general
theory of cardinal numbers and the higher infinities. Furthermore, from the Platonist perspective
adopted by most mathematicians (namely, that mathematical objects really exist), there is nothing
objectionable in impredicative definitions: the “vicious circle” disappears if we conceive of the
offending definitions as selecting some member from a pre-existing collection. Consequently, few
mathematicians espouse the rigors of a predicative type theory. (See Hazen [Haz83] for a readable
account of predicative logics.)

%4Berry’s is the easiest of these to describe: consider “the least natural number not nameable by
an English phrase of less than 200 letters.” The material in quotation marks is an English phrase
of less than 200 letters that names this number.
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noted that types are adequate, on their own, for this; orders and the complexities
of the ramified theory are needed only to exclude impredicative definitions and the
epistemological paradoxes. Ramsey [Ram90] then reconstructed Russell’s system
(principally by eliminating orders) so that “its blemishes may be avoided but its ex-
cellences retained” to yield what is now called the simple theory of types (its modern
formulation is due to Church).%®

Roughly speaking, simple type theory avoids the logical paradoxes of naive set
theory by “stratifying” sets according to their “type” or “level.” Individual elements
can be considered to belong to level 0, sets of those elements to level 1, sets of sets
of elements to level 2, and so on. The comprehension axiom

(Fy: (Vo2 ey=g(x)))

is then restricted to the case where 2z is of a lower level than y. I say “roughly
speaking” because simple type theory is a logic of predicates rather than sets: instead
of saying “z is a member of the set y” (i.e., 2 € y), in type theory it is more common
to say “z has property y” (i.e., y(x)). In terms of predicates, simple type theory
requires that each predicate has a higher type than the objects to which it applies
(and therefore a predicate cannot apply to itself). The “definition” of the predicate
PNET given earlier is inadmissible because its right-hand side is not well-typed.

I just said that simple type theory is a logic of predicates, but it is usually built
on a more primitive foundation that takes (total) functions as the basic elements,
with predicates as a special case. Within this framework, functions are allowed to
take other functions as arguments and may return functions as values. The type of
a function indicates the “level” at which it operates in a more sophisticated way
than the simple numbering scheme for levels suggested earlier. Thus, if ¢ is the type
of individuals (which can be considered as functions of zero arguments), the type of
functions from individuals to individuals can be denoted ¢+ — ¢, and a function on
those functions will have type (¢ — ¢) — (¢ — ¢).%¢

It is generally convenient to use a many-sorted foundation, and to subsume
sorts within the type structure, so that a function type (Z — AN) — A indicates

55The simple theory of types is not the same as the ramified theory plus the axiom of reducibility:
the simple theory is extensional, whereas the other is not. Extensional means that coextensive
properties are considered identical (i.e., (Vz:¢(z) = ¥(z)) D ¢ = ¥). Examples of nonextensional
properties are “propositional attitudes”: a person may want or wonder about one proposition but
not another even though they are, in fact coextensive. The classic example is:
Scott is the author of Waverley,
King George wonders whether Scott is the author of Waverley,

King George wonders whether Scott is Scott,
whose absurdity is taken as evidence that “wonders whether” in nonextensional. Unlike the simple
theory, the ramified theory of types (even with the axiom of reducibility) can give an account of
nonextensional properties [Haz83, section 5].
%Types allow us to distinguish (1 — ) — (¢ — &) from (¢ — &) — ¢, which cannot be done by
simply numbering “levels.”
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a function whose values are of type®” natural number and whose arguments are
functions from integers to natural numbers. Within this framework, we distinguish
a type B (for “Boolean,” though mathematicians generally write it o), and then
view predicates as functions returning type 5. Thus, the predicate < on the natural
numbers can be considered a function of type N'x ' — B. Next, since the principle
of comprehension holds that every predicate determines a set, we dispense with the

separate notion of set and simply identify sets with predicates: x € y is identified
with y(z).5®

In this scheme, dropping some of the more tedious subscripts, the comprehension
axiom becomes

(Elycr—>B : (VLL‘U : y(l‘) = AB))

where Ap is a formula in which y does not occur free. The typing restrictions
attached to z and y prevent the kind of self-reference that leads to the paradoxes
of naive set theory. The same construction can be used to assert the existence of
general functions as well as predicates:

(Fyoor : (Va, 1 y(z) = AL)). (A.2)
The function y,_., whose existence is thereby asserted can be denoted
(Axa : A’T)O’—)’T'

The X here is called the abstraction operator; (Az, : A;),—, is the name of the
function whose value on argument z, is A,, where z, presumably occurs free in A,.
For example,

(Azz :(if 2 < 0 then — 2 else z)y)z_n

is the “absolute value” function on the integers. A is a variable-binding operator,
just like the quantifiers.5?

Using this notation, the comprehension axiom (A.2) becomes

(Voo : (A2s : Ar)omr(2s) = A7)

7 Actually this is a sort, but the distinction between sorts and types is generally dropped in type
theory.

%8 Note that the restrictions of sorts and types mean that sets are homogenous in simple type
theory: it is not possible to form sets such as {z,{z}}, since = and {z} are of essentially different

types.
%9Tn fact it is possible to define the quantifiers in terms of A by means of the construction

def

(Vz : ¢) = (Az:¢) = (Az: true).
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and since the innermost z, is bound by the A, whereas the others are bound by the
Y, we can instantiate the V-bound instances with a term ¢, to obtain

(Axa : AT)O’—)’T(tU) = A’T[J;U = tUL

which is the rule of 3-conversion.

Church first developed a system for defining and manipulating functions defined
by A-abstraction. His system is called the A-calculus, and it provides a foundation for
the semantics of functional programming languages. In addition to [-conversion,
there are two other “conversions” (sometimes also called “reductions”) in the A-
calculus.

alpha-conversion: this is the renaming of bound variables—that is,
(Axa : A’T(J;))U—VT = (Aycr : AT(y))cr—>T~
eta reduction: this says that a function equals its own abstraction—that is,

(Axa : fcr—m'(x))cr—w = fcr—>7'-

In axiomatic set theory, individuals, sets, sets of sets, and so on all belong to
the same universe, and quantification extends over the entire universe. In type the-
ory, the universe is stratified by the type hierarchy, so that quantification applies
to each type separately. This means that type theory allows (in fact, requires)
quantification over functions and predicates. For this reason, it is also known as
higher-order logic: propositional calculus allows no quantification and can be re-
garded as “zero-order” logic, predicate calculus allows quantification over individuals
and is also known as “first-order” logic, “second-order” logic allows quantification
over functions and predicates of individuals, “third-order” allows quantification over
functions and predicates of functions, and so on up to w-order logic, which allows
quantification over arbitrary types. In this scheme, type theory or higher-order logic
corresponds to w-order logic.

In higher-order logic, functions can take other functions as arguments and re-

turn functions as values (functions that do so are sometimes called functionals,
and the term function is then reserved for those functions that operate on, and
return, simple values). Functions of several arguments can be treated as function-
als of a single argument in higher-order logic by a process known as “Currying”
(named after the logician H. B. Curry, although it was actually first described by
Schonfinkel [Sch67]). To see how this works, suppose we have a function f that
takes two arguments and returns the result of adding the first to the square of the
second:

def <
FE Qzayn : 2+ Y )Nsn—n
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so that we have f(2,3) = 11. We could instead define a functional f’ that takes
a single argument and returns a function that takes another single argument and
returns the square of that value, plus the argument to the first functional:

y def 2

FE Qay w1 2+ PV - (W n)-

In this case we have f/(2) = (Ay : 2+ y*)y—n, so that f/(2)(3) = 11. In general, a
function application g(z,y,..., z) is equivalent to a sequence of Curried applications
g'(z)(y)---(z). Currying makes it easier to define the logic since it is only necessary
to consider functions and predicates of one argument (I am implicitly doing this
in the presentation here). Some formulations and mechanizations of higher-order
logic (e.g., HOL) require all functions to be Curried, whereas others merely allow
it. The mandatory use of Curried functions makes for unfamiliar constructions and
is a difficult hurdle for many users; however, the freedom to use functionals is very
valuable when used appropriately.

Type theory or higher-order logic has the same axioms and rules of inference
as first-order logic with equality (generalized to allow quantification over functions
and predicates), together with the type-restricted form of the comprehension axiom
given earlier, and an axiom of extensionality:

Extensionality: (Y, : f,—-(2) = go—-(2)) D f = g.

This simply says that two functions (or predicates) are equal if they take the same
value as each other for every value of their arguments.

There are two main classes of models for type theory. The details are very

technical but a rough idea can be conveyed as follows. Since we can quantify
over functions in type theory, we have to ask what we mean when we speak of all
functions from D to D, say. Under the standard interpretation, we really do mean
all functions on the domain that interprets D. A formula is valid if it valuates to
true in all such interpretations. On the other hand, we might want to interpret all
as ranging over just some particular class of functions (e.g., the continuous func-
tions). In this latter case, the interpretation is relative to what is variously called
a frame [Mon76] or a type structure [And86] that identifies the particular class of
functions concerned. Under the general models interpretation of type theory (due
to Henkin), a formula is valid if it valuates to true in all frames or type struc-
tures. Since the standard interpretation is included as one frame among those of
the general models interpretation, it is clear that fewer formulas are valid under the
general models interpretation than under the standard one. The standard interpre-
tation is the more natural one, but the axioms given above are not complete in this
case (though they are sound and consistent). The advantage of the general models
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interpretation is that the axiomatization is complete for this case (it cuts out the
valid but unprovable formulas), and several other metamathematical properties can
also be established. Furthermore, under the general models interpretation, there is
a way to translate or interpret higher-order logic formulas into (sorted) first-order
logic.

The logicist’s hope was that with type theory as a “self evident” foundation, it
would be possible to derive mathematics in a consistent way without the need to
introduce additional axioms such as those of Peano, or Zermelo-Fraenkel:

“What were formerly taken, tacitly or explicitly, as axioms are either
unnecessary or demonstrable” [WR27, preface].

Natural numbers can be defined using an idea due to Frege: 3, for example,
is the predicate that designates the property of being a triple. I will not give the
formal definitions here, since they are tricky, but the idea is that 0 is the property
of being the empty set, and the property of being the successor succ(n) to some
natural number n is that of being a set that can be formed by adding an element
to a set that has the property 7.9 The problem with this approach is that there
is nothing that requires the individuals to be infinite in number, and so we cannot
guarantee that any large numbers exist. This difficulty is overcome by adding an
axiom of infinity to the other axioms of type theory. There are several ways to
state this axiom, but one way is to assert that there exists some relation < on the
individuals that is irreflexive, transitive, and unbounded (i.e., (Va : (Jy:2 < y))).
With this foundation, it is possible to derive Peano’s axioms as theorems.

As noted earlier, type theory without the axiom of infinity is consistent and
(under the general models interpretation) complete. Since the addition of the axiom
of infinity allows us to develop arithmetic, it is not surprising, in light of Gddel’s
results, that the full system (with the axiom of infinity) is incomplete. In terms of
power, this form of simple type theory is equivalent to Zermelo set theory (i.e., ZF
without the axiom of replacement). For computer science, the consequent loss of
the higher infinities is unimportant.

Type theory is notationally complex”! and has some properties that mathemati-
cians find inconvenient. For example, the empty set is not a simple notion: for

"0Since sets and properties are equivalent in type theory, another way to say this is than n is
the set of all n-element sets. This way of looking at things led to much criticism: surely the set
of all triples, conceived as a totality, is “an extravagant affair” [Car58, page 141]. This indicates
the significant difference between set theory and type theory. In set theory, sets are conceived as
totalities, and to avoid the paradoxes we have to make sure they do not get “too big.” In type
theory, sets are conceived as determined by their properties, and to avoid the paradoxes we must
obey the restrictions of typing.

"Especially using the mathematicians’ notation; they Curry all functions, drop all punctuation,
reverse the order of the type-symbols, and write function application without parentheses—see
Andrews [And86], for example.



286 Appendix A. A Rapid Introduction to Mathematical Logic

each type, the empty set of elements of that type is distinct from the empty set of
a different element type. This duplication seems perfectly acceptable on linguistic
grounds (e.g., is having no money the same as having no worries?); rather less so is
the realization that the construction of the natural numbers undertaken above was
performed relative to a type (I glossed over this), so that every type has its own
version of the natural numbers, and its own arithmetic.™

Type theory also lacks some of the interesting metamathematical properties of
first-order logic, such as the Compactness, Lowenheim-Skolem, and Interpolation
Theorems.”™ This is no accident, for some of the metamathematical properties
of first-order logic are unique: Lindstrom’s Characterization Theorem says that
first-order logic is the “strongest” logic with both a compactness theorem and a
(downward) Léwenheim-Skolem Theorem. Since these two theorems are the prin-
cipal tools for deriving metamathematical results in first-order logic, logicians are
reluctant to forsake them, and many therefore regard first-order logic as the only
“true logic.” Barwise [Bar85] observes that this attitude confuses the subject matter
of logic with one of its tools. He likens first-order logic, a tool constructed to help
investigate the general conception “logic,” to the telescope, a tool constructed to
help study the universe. Logicians who assert that logic is first-order logic are like
those who would claim that astronomy is the study of telescopes.

Although first-order logic has many interesting properties, there are several use-
ful and important notions that cannot be defined within it; for example, none of
infinite set, countable set, open set, continuous function, well-ordering, and random
variable are first-order definable. These can all be defined in type theory, however.
Other concepts, such as induction or Hilbert’s ¢ operator, which require set-theoretic
constructions or metalogical assistance from schemes to specify in first-order logic,
can also be stated simply and directly in type theory.

For formal methods in computer science, the expressive power of type theory
may be more important than the metamathematical richness of first-order logic.
Moreover, the complex notation of type theory can be considerably streamlined
when used as a specification language for formal methods: computer scientists are
used to typed systems in programming languages, and their practice of “declaring”
variables and constants before use supplies type information implicitly, without
the sub- or superscripts of the mathematicians notation; “overloading” (allowing
a single symbol such as + or “emptyset” to denote several similar functions of

Fraenkel, Bar-Hillel, and Levy call the “reduplication” of notions such as numbers and the
empty set “repugnant” [FBHLS84, page 160].

3The first two of these were described earlier; the last, often called Craig’s Interpolation Lemma
(or Theorem), says that if ¢(A, B) D ¥(B,C), where ¢(A, B) denotes a formula built up from
names in collections A and B, then there is a formula v(B) (i.e., one built up from such names as
are common to both ¢ and ¥) such that ¢(A, B) D v(B) D ¢(B,C). The Interpolation Theorem

is used in the proof of Beth’s and Robinson’s Theorems.
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different types that are distinguished by context) also contributes to simple, familiar
notation.”™ The duplication of numbers and arithmetics can be overcome by simply
adopting Peano’s axioms, so that the (canonical) natural numbers are available as
a base sort.”™ The incompleteness of type theory under the standard interpretation
renders it unattractive to metamathematicians, but this is of little concern in formal
methods, since we will need arithmetic and other incomplete theories in any case.

The great advantages of type theory as a foundation for formal specification
languages are the very strong and mechanized “typechecking” that can be provided
(this makes for very effective early error-detection in specifications), and the ex-
pressive convenience of higher-order constructions and quantification. The fact that
everything is built on total functions also allows for rather effective mechanical the-
orem proving in type theory (recall that in set theory, total functions are a special
case).

Formal methods and theorem proving systems based on the simple theory of

types include HOL [GM93], PVS [ORS92], and TPS [AINPS&S].

A.11 Additional Topics

In this section I briefly touch on a number of topics. The aim here is simply to
give readers exposure to certain terms they may run across in the literature or
in discussions on formal methods. My treatment will be very brief and rather
superficial, but should at least point to the relevant literature and help the reader
identify the field to which a particular concept or piece of terminology belongs.

A.11.1 Modal Logics

Aristotle and, later, medieval logicians conceived of many modes of truth, such as
necessary truths, and those things that ought to be true, or that we know to be
true, or believe to be so.

It is possible to formalize these notions by adding the modal operators (also called
modalities) O and < to the propositional calculus (thereby yielding a propositional
modal logic).”® For example, OA can read as “it is necessary that A,” in which case
O A is read as “it is possible that A.”

TRussell employed a similar approach, which he called “typical ambiguity”: type symbols were
usually omitted, and the user was expected to mentally supply them in a manner that provided a
well-formed construction.

"This would be repugnant to Russell, since he wanted to minimize use of axioms; but for formal
methods we are concerned with utility, not philosophical purity.

" Mints [Min92] is a good introduction to modal logic.
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All modal logics define < in terms of O by the identity

SA X _o-a.

They also include all the theorems of propositional calculus (generalized to include
those with modal operators, such as OA D OA), modus ponens, and the inference
rule of necessitation:

A
a.

What axiom schemes are added depends on the readings ascribed to the
modal operators. There are several axiom schemes with standardized names:
0(AD B) D> (0ADOB)
0AD> OA
oAD A
04 D 004
ADOCA
CA D OCA.

Modal logics are given names such as KT4, which identifies the logic that contains
just the axiom schemes K, T, and 4. Some standard modal logics are KD, KT4 (also
known as S4), KT5 (also known as S5), and KD45. S5 is historically important as
the logic of necessity, but more recently it has become widely used in computer
science as a logic of knowledge (OA is then read as “it is known that A”). Using this
modal logic to reason about “who knows what” has proved a powerful way to analyze
distributed systems [HF89]. S4 gives rise to many temporal logics (OA is then read
as “always A” and ©A as “sometimes” or “eventually” A), which can be used to
reason about the properties of concurrent and distributed systems. The modal logic
KD45 can be used as a logic of belief (OA is then read as “it is believed that
A”) and has found applications in reasoning about cryptographic key distribution
protocols [Ran88]. KD is a “deontic” logic: one for reasoning about obligations.

SR I

Leibniz was the first to conceive a recognizably modern semantics for modal
logic. He imagined that there could be many worlds: necessary truths would be
those that are true in all worlds, possible truths would be those that are true in
only some of them. Models for modal logics are based on this idea of a “possible
world” semantics (also called “Kripke” semantics after Saul Kripke, who developed
the formal treatment while still in his teens). The details are a little too lengthy
to go into here, but a key component is an “accessibility” relation between pos-
sible worlds; the various standard modal logics can then be characterized by the
algebraic properties of the accessibility relation in their models. For example, S5
is characterized by an accessibility relation that is an equivalence relation. These
topics are developed in standard texts on modal logics, such as those by Hughes and

Cresswell [HC68, HC84], and Chellas [Che80)].
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As noted, temporal logics are modal logics (generally specializations of S4) in
which the operators O and <& are read as “always” and “eventually,” respectively.
Pnueli [Pnu77] was the first to recognize that these logics could be used to reason
about distributed computations and, in particular, about liveness properties (that
is, about things that must happen eventually). There are two families of temporal
logics: linear time and branching time [Lam83]. Both families have their adherents,
and both have led to effective specification techniques. It is usually necessary to em-
bellish the basic logics of either family with additional operators in order to achieve
a comfortable degree of expressiveness; examples include “next state,”
backwards-time operators. Interval logics are temporal logics specialized for reason-
ing over intervals of activity. The Temporal Logic of Actions (TLA) [Lam91] is a
temporal logic in which the modal operators are generalized from states to pairs of
states (actions); it achieves considerable expressiveness with very little mechanism.

until,” and

As with predicate calculus, a valid formula in modal logic is one that valuates to
true in all interpretations. Many modal logics have what is called the “finite model
property,” which renders them decidable. The models of temporal logic are essen-
tially finite-state machines; conversely a finite-state machine is a potential model
for a temporal logic formula. This observation gives rise to “model checking”: the
goal is to check whether a finite-state machine describing a system implementation
satisfies a desired property specified as a temporal logic formula. This process is
equivalent to testing whether the specified machine is a model for the specified for-
mula. Because temporal logic can be quite expressive, and because model-checking
is decidable, this technique offers a completely automatic means for verifying cer-
tain properties of certain systems [CES86]. Very clever model-checking algorithms
allow finite-state machines with large numbers of states to be checked in reasonable
time [BCM™90]. Model checking is an example of a state-exploration method (recall
Section 2.2.3); it is not a replacement for conventional theorem proving in support
of verification (it is applicable to only certain properties and implementations), but
it can be a very valuable adjunct.

Despite their name, temporal logics do not provide ways to reason about “time”
in a direct or quantitative (i.e., “real-time”) sense: they provide a tool for reasoning
about the order (i.e., temporal sequencing) of events, and about eventuality prop-
erties. Several extensions have been proposed to both temporal [AHR9, Koy90] and
classical [JM86, Ost90] logics for reasoning about real-time properties, but these are
best regarded as promising research, rather than techniques ready for immediate
exploitation.

All the modal logics T have considered so far are propositional. It is possible to
combine modal operators with quantification to yield first-order modal logics but
the details prove rather tricky, as exemplified by the following formula.

Oz p(z) D Fa: OP(2).
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This is called the Barcan formula (after Ruth Barcan), and it is provable if S5
is combined with first-order logic. The difficulty posed by this formula is that,
interpreting < as “possibly,” it seems to require that we admit the existence of (or,
as logicians and philosophers say, “include in our ontology”) merely possible objects.
For example, if it is possible that a cow jumped over the moon, then the Barcan
formula tells us that there is a specific cow that has possibly performed this act.
This ontological commitment is considered objectionable (or, at least, controversial)
and so there have been many attempts to combine modal and first-order logics in
ways that exclude the Barcan formula (see [Gar84, HC68]).

A.11.2 Logics for Partial Functions

Partial functions are those whose values are not defined for all arguments in their
domain: for example, division is not defined when the divisor is zero. The question
then is what meaning to ascribe to expressions such as

x
—Xy==z A3
; (A.3)

when it is possible that y could be zero. 1 briefly mention five main approaches.
Cheng and Jones [CJ90] consider a few others but do not, in my opinion, do adequate
justice to the third and fifth of the alternatives below. Farmer [Far90] gives a very
readable discussion at the beginning of an otherwise very technical paper.

Russell’s Theory of Descriptions. In set theory, functions are sets of pairs, and
the meaning of f(z) is “the y such that (z,y) € f.” The problem is then
that of ascribing a meaning to expressions of the form “the such and such”
when there is no object with the property “such and such.” (“The present
king of France” is the standard example.) Expressions of the form “the such
and such” are called definite descriptions and are intended to single out some
unique individual satisfying the description “such and such.” How to interpret
a definite description when it does not identify a unique individual (either
because there is none, or more than one, having the given property) was one
to which Russell devoted a great deal of effort in the early 1900s. He used the
notation tx: ¢(a) for “the x such that ¢(x),” where ¢ is the definite description
operator.”” Russell’s solution to the problem of how to deal with s2:¢(z)
when this did not identify a unique individual was a contextual one: he gave
no meaning to tx: ¢(z) considered in isolation, but set the expression in which
it occurred to false. Thus, “the present king of France” has no meaning on its
own, but “the present king of France is bald” is false in Russell’s treatment.

""Russell actually used an upside-down ¢, but that is a typographical trick that is not so easy to
perform in IATRX as it is with metal type.
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Using Russell’s operator, the value of f(z) is given by wy:(z,y) € f; this is
well-defined if Jly: (z,y) € f, otherwise any expression in which it appears is
false. The expression (A.3) is therefore false in this treatment when y = 0.

One problem with Russell’s approach is that it raises the question of scope:
how large an enclosing expression should be set to false when a definite descrip-
tion does not denote a unique individual? Discussion of this question occupies
much of Russell’s papers on the subject (one written with Whitehead is the
most accessible [WR67]). Another problem is that identity is no longer reflex-
ive: f(z) = f(z) is false if 2 is not in the domain of f. For these reasons,
Russell’s approach is seldom employed today, but his theory of descriptions
has influenced much of the work that followed.

All functions are total. In this scheme, every function has some value assigned

for each member of its domain—so that 7, for example, does have a value. We

can choose whether or not to supply axioms that enable any properties of such

“artificial” values to be deduced. If, for example, we choose not to specify any
x

properties of the value 7, then we will not be able to prove (A.3) as a general

theorem, though we will be able to prove the weaker form
x
y#OD;Xy:x. (A4)

This approach is quite natural in type theory, where (total) functions are
primitive. In set theory, it is equivalent to defining the value of f(z) to be
ey:(x,y) € f, where ¢ is Hilbert’s choice operator (recall subsection A.5.4 on
page 266).

The arguments against this approach are that it does not correspond to in-
formal mathematical practice (rather than a way to treat partial functions, it
is really a way of doing without them), and that we have to be very careful
to avoid inadvertently defining (and hence having to implement) properties of
the artificial values or, worse, introducing inconsistencies. For example, if we
took (A.3) as an axiom, then the case y = 0 gives § X 0 = 2. But another
rule of arithmetic is 2 X 0 = 0, so that the substitution 2 « & gives § x 0 =0,
which contradicts the earlier result (when 2 is nonzero).

Functions are total, on a precisely specified domain. This scheme is the

same as the previous one, except that it is performed in the context of a
logic with a very rich type system, including what are called predicate sub-
types and dependent types, that allow the domains of functions to be specified
very precisely.

As its name suggests, a predicate subtype is one associated with a predicate.
In the case of division, for example, we can associate the subtype Q' of the
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rationals Q with the predicate (Ag : ¢ # 0) and can then type the division
operation as a total function Q@ X Q' — Q. An expression like % then has no
meaning since it does not satisfy the rules of typing. The expression (A.3)
is perfectly valid (and can be taken as an axiom), provided y is of type Q.
More interestingly, the theorem (A.4) is valid, even when y is of type Q (and
could, therefore, be zero), because the value of the expression is independent
of the type-incorrect application §: if y = 0, then (A.4)is true because the an-
tecedent to the implication is false (and the value of § is irrelevant); otherwise
y is of type Q" and (A.3) applies.

Dependent types are most easily understood by means of an example. Consider
the function

def
[, 9)Rxr-R = VT — y.

This function is undefined (on the reals) if its second argument is larger than
its first. But if we change the domain of the function from R x R to

v Rx{y:R|z >y} (A.5)

(i-e., to pairs of real numbers in which the first is not less than the second),
then the partiality disappears: the function is total on this more precisely
specified domain. Types such as A.5 are called dependent because the type
of the second component depends on the value of the first. Dependent types,
and several other innovations in the treatment of types, had their origins in
the pioneering Automath project of de Bruijn [dB80].

The advantages of this approach over the previous one are that it obviates
x

any need to construct artificial values or axioms for expressions such as § or
pop(empty), and it disallows (and typechecking will flag) unsafe expressions
such as (A.3) when y is of type Q, thereby forcing us, early on, to recognize
the need for the guarded form (A.4). Tts disadvantage is that typechecking
becomes undecidable: theorem proving may be needed to decide the accept-
ability of formulas. Pragmatically, however, this approach appears quite effec-
tive (especially when its mechanization includes a powerful theorem prover),
and seems attractively close to informal mathematical practice. Approaches of

this kind are used in the Nuprl [CAB*86], PVS [ORS92], and Veritas [HDLS&9]

systems.

Multiple-Valued Logics. If we admit truly partial functions into the logic, then

several further choices must be faced. One choice, typified by the “free” logics
discussed in the next item, allows terms that have no denotation, but does not
allow “undefined” as a value. The alternative introduces a special “undefined”
value, often denoted L that can be manipulated like an ordinary value.
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Once “undefined” is admitted as a value, we have to further decide whether
undefinedness is allowed to propagate from the term to the (logical) expression
level: for example, does an expression like f(z) < g(y) always yield an ordinary
truth value, even if f(z) could be undefined, or could the expression itself
be undefined? Attempts to restrict “undefined” to the term level (Russell’s
treatment attempts to do this) have not been very successful, so it is generally
necessary to admit “undefined” into the logic as an additional truth value.
The Logic of Partial Functions (LPF) [BCJ84] is of this kind; it provides the
logical foundation for the VDM specification notation. A disadvantage of this
approach is that all the logical connectives must be extended to the case of
undefined expressions and, more importantly, certain properties of traditional
logic must be adjusted to retain soundness. In the case of LPF this leads,
for example, to the loss of the law of the excluded middle and the deduction
theorem.

The main argument against LPF is that it is awkward, nonstandard, and
unfamiliar. A consideration of some alternative partial logics, and the identi-
fication of one that is free of many of the disadvantages of LPF, has appeared
recently [Owe93].

Logics. The original motivation for free logics was to avoid certain “para-
doxes” that arise when constants are assumed always to refer to objects in
the domain of quantification [Ben85]. For example, starting from the identity
K = K, where K is some constant, we can obtain the theorem (32 : 2 = K)
by existential generalization. If K abbreviates “The King of France,” then
we have just proved that there is a King of France! Free logics avoid this
anomaly by introducing a predicate F' called the existence predicate (F(a) is
interpreted as “a exists”) and restricting quantifiers to range only over existing
objects. The quantifier rules are modified so that we can deduce (32 : 2 = K)
from K = K only if we have already established F(K )—which is tantamount
to what we are trying to prove.

Logics to deal with partial functions have been proposed along these
lines [TvDS88, volume I, chapter 2, section 2]. The challenge is to construct a
logic that is as faithful to informal mathematical practice as possible. Scott’s
formulation [Sco79], for example, has the disadvantage that (Va : ¢(z)) is no
longer equivalent to ¢(z). Beeson introduced an alternative system that over-
comes most objections [Bee86] (more accessible references are [Bee85, Chapter
6, Section 1] and [Bee88, Section 5]).

Whereas Scott’s is a logic of partial ezistence (it allows models with objects
that do not satisfy the existence predicate), Beeson’s is a logic of partial terms
(LPT) that is concerned with the definedness of names and terms. LPT in-
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troduces the atomic formula a|, where a is a term, with the interpretation “a
is defined.” The quantifier axioms become

A4, (Vz:p(x))At] D Pz —t],

A5, gz — t]At] D (Fz : ¢(2)).

In addition, we have ¢| and x| for each constant symbol ¢ and variable z.
Atomic formulas evaluate to true only if their arguments are defined:

O(syty ... u) D s AL A Aul, (A.6)

where s,t,..., u are metavariables representing terms. Two notions of equality
are used: = is strict equality (false if either of its arguments is undefined), and
~ is “Kleene equality,” which is true if both its arguments are undefined:

s’:td:ef(sl\/tl)js:t.

The equality axioms are
r=zAN(z=yDy=u2),

s>t A@(s) D o(t), and
s=1tDs| Nt].

(Here z and y are variables). The last of these is a special case of (A.6), as is
flsyty oo u)lDs| AL A---Aul

(i.e., functions are defined only if their arguments are).

In the case of the example (A.3), we will presumably have fl =y #0, s0
that (¥ x y)| =y # 0. Thus, the left hand side of (A.3) is defined (and
equal to z) provided @ # 0, and the right hand side is always defined (i.e.,
z|). An equation is false if either of its arguments is undefined, so (A.3) is
always defined, and is true if y # 0, and false otherwise. The form (A.4) is
unconditionally true.

PX [HN88] is a computational logic based on these ideas, while a (higher-
order) logic of this kind is mechanized in the IMPS system [Far90, FGT93],
and variants have been proposed for other specification languages [MRI1].
Gumb [Gum89, Chapter 5] uses a free logic to express facts about execution-
time errors in programs, and Parnas presents a “logic for software engineer-
ing” [Par93] that uses similar ideas.
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All these approaches to partial functions, except the second, generally require
the user to prove subsidiary theorems in order to discharge definedness obligations.
The third approach requires these subsidiary proofs to be performed during type-
checking, the first, fourth and fifth require them during proof construction. Doing
the subsidiary proofs at typecheck time avoids some duplication of effort (the other
approaches can require the same subsidiary results to be proved separately in proofs
of different theorems), and allows some faults to be detected earlier. In addition
to their treatment of partial functions, the rich type systems of the third approach
allow terms to be typed more precisely, and thereby increase the information present
in a specification [HD92].

A.11.3 Constructive Systems

The earliest conceptions of mathematical existence were constructive: to Euclid,
proving that through every point there exists a line parallel to another given line
meant that there was a procedure for constructing that line (with ruler and compass).
There were some early proofs by contradiction (for example, of the irrationality
of \/5)7 but these dealt with nonexistence or impossibility, rather than existence.
More troubling are proofs of existence by contradiction. For example, there exist

two irrational numbers # and y such that x¥ is rational: if \/5\/5 is rational, we
are done; otherwise take this number as 2 and let y be v/2. This is surely a little
unsatisfactory, as we do not know which of the two cases is true.

During the 19th and early 20th centuries, the advent and rapid application of
set theory led to many nonconstructive proofs of this kind.”® One of the most
controversial was Zermelo’s nonconstructive 1905 proof of the well ordering of the
reals. Several mathematicians were dissatisfied with such proofs, but it was Brouwer
who launched a full scale assault on the admissibility of nonconstructive methods:

“the only possible foundation of mathematics must be sought...under
the obligation carefully to watch which constructions intuition allows
and which not...any other attempt at such a foundation is doomed to
failure” [from Brouwer’s PhD Thesis, quoted in [Bee85, page 430]].

Brouwer’s position became known as intuitionism, and although he opposed several
nonconstructive techniques and concepts (for example, the completed infinite) it
was his criticism of the “law” of the excluded middle [Bro67] (i.e., ¢ V ¢, as used
about z¥ above) that became the sine qua non of intuitionistic mathematics.

"8The Historical Appendix to Beeson’s book [Beed5] is a good, brief source for those who would
like to read more of the history of these topics. Beeson’s book and the two-volume work of Troelstra
and van Dalen [TvD88] are standard texts on constructive mathematics.
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Although Brouwer was not particularly interested in creating a formal system
for intuitionism (after all, he rejected the axiomatic method as a foundation), Kol-
morgorov, Heyting and others developed intuitionistic propositional and predicate
calculi that do without the law of the excluded middle; in this context, “ordinary”
logical systems that retain the excluded middle are called classical logics.

Both Brouwer and the opposing camp (the formalists, led by Hilbert) thought
that strict adherence to intuitionistic principles would force the abandonment of
large tracts of mathematics (by logicians at least; “practical” mathematics would
proceed undisturbed by such arcane disputes). The intuitionists seemed to accept
this, but the formalists saw it as a challenge to the relevance and utility of founda-
tional studies (for example, Ramsey writes of “the Bolshevik menace of Brouwer and
Weyl” [Ram90, page 229]) and were inspired to shore up their foundations: Hilbert
declared

“Wherever there is any hope of salvage, we will carefully investigate fruit-
ful definitions and deductive methods. We will nurse them, strengthen
them, and make them useful. No one shall drive us out of the paradise
which Cantor has created for us” [Hil83].

However, Godel later showed (via what is called the double-negation interpreta-
tion) that intuitionistic and classical arithmetic have the same strength [NS93, Sec-
tion V.6],” and Bishop provided a practical demonstration that much of analysis
could be developed in an entirely constructive (though not specifically intuitionistic)
manner [BB85]. Thus, restriction to constructive methods does not seem to limit
to an unacceptable degree the amount of mathematics that actually can be done.

What does all this have to do with computers? Well, anything that can be done
by a computer is necessarily constructive; thus, if we seek a logical foundation for
computing (as opposed to general mathematics) it seems natural to seek it within
a constructive framework. Intuitionistic logic is a particularly strong candidate
because of what is known as the “Curry-Howard isomorphism,” which establishes a
direct correspondence between intuitionistic proofs and functional programs:*° an
intuitionistic existence proof can be converted into a program that constructs the
thing concerned. An idea of the flavor of this approach can be obtained as follows.
In intuitionism, a proof that A implies B means a procedure which will take any
(intuitionistic) proof of A and convert it into a proof of B; thus, if we have a program
that constructs A, the proof of A D B gives us a program that constructs B.

(5del also demonstrated a connection between modal and intuitionistic logics [KK62, page
680]. ( [KK62] is a standard, and accessible, text on the history and development of logic.)

8This really goes back to Kleene, who showed that any formula that could be defined in intu-
itionistic (Heyting) arithmetic was Turing computable; thus, Heyting arithmetic could serve as a
high-level programming language.
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As with classical systems, intuitionistic logics that are adequate for actually
specifying and reasoning about interesting computations require more than just the
intuitionistic fragment of predicate calculus: we need arithmetic, sets, and/or types.
Constructive type theories, especially those built on ideas first widely canvassed
by Martin-1.6f, dominate this enterprise (often under the slogan “propositions as
types”). Martin-L6f’s theories are not theories in ordinary predicate calculus, so
they cannot be described by simply listing their axioms: the entire apparatus of the
system has to be developed, and I do not have space to attempt this here. Interested
readers can find a good introduction in [Tho91].

Constructive type theories are the foundation for a number of interesting sys-
tems for formal specifications and proofs, of which the oldest and best known is
Nuprl [CAB*86] (which is based on, and extends, Martin-Lof’s approach), and one
of the most recent is COQ [DFH91] (which mechanizes the “Calculus of Construc-
tions,” which itself is derived from a system variously known as the “second-order”
or “polymorphic” A-calculus and as “System-F.”) Arguments in favor of these ap-
proaches are that they bring programming and proof into intimate correspondence.
Arguments against them are that their foundation is unfamiliar to most users, and
that the need to constantly discharge existence obligations is tedious. However, very
similar proof obligations arise in classical logics with rich type systems when try-
ing to establish admissibility of definitional forms or consistency of axiomatizations.
Hence, it may be that the actual practice of formal methods in constructive and
classical settings is more similar than might at first appear.

A.11.4 Programming Logics

Functional programs can be specified quite directly in any logic that supports re-
cursive definitions; reasoning about such programs can then be performed directly
within the logic concerned. Imperative programs, on the other hand, operate on an
implicit “state” that has no counterpart in ordinary logic. For example, the Fortran
assignment statement x = x+1 must be interpreted as saying that the value of x
in the “new state” is to be equal to 1 plus the value of x in the “old state.” Pro-
gramming logics are logics that provide ways to specify and reason about imperative
programs and their effects on a program state.

Hoare [Hoa69] introduced the notation { P}S{Q} (often called a Hoare sentence)
for specifying the behavior of a program fragment S. In this construction, P and
() are expressions involving the “variables” of the program S and the intuitive
interpretation is that if execution of S starts in a state in which the expression P
is true, and if execution terminates, then it will do so in a state in which () is true.
A typical programming language logic will include the following axiom for the skip
(do nothing) statement

(P} skip {P}
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and the following for the assignment statement
{Plv —e€]}v := e{P},

where v is a “program variable” and e is an arithmetic expression, together with
axioms or rules of inference for each of the other constructs in the programming
language concerned. Standard rules include the following ones for sequential com-
position, and for the conditional and while statements, respectively:

{PSH{QY A {Q}SA{ R}
{P}Slész{R} 7

{PAB}S1{Q} A {P A-B}S:{Q}
{P} if B then S; else S; endif {Q}’

{P A B}S{P}
{P} while B do S {P A—=B}"
In addition, there will be some rules concerning the interaction between the pro-

gramming logic and the classical logic that underlies it, such as the following rule
of precondition strengthening:

(P> P)A{P}S{Q}
{P35{Q} '

As an example, let us prove that the statement
if x<0 then x := -x else skip endif

causes the final value of 2 to be the absolute value of its initial value. We can specify
this requirement by

{z = X }if x<0 then x := -x else skip endif {z = |X|},

where Xis a logical variable (implicitly universally quantified over the whole Hoare
sentence). By the rule for conditional statements, we need to prove

{t=XANz<0}x := -x{z =|X|}

and
{z = X A=z < 0} skip {z = |X|}.

By precondition strengthening, the second of these follows from

(z=XA-2<0Dz=|X|)A{z=|X|} skip {z = |X|},
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whose first conjuct follows by predicate calculus, arithmetic, and the definition of
the absolute value function, and whose second conjuct is an instance of the skip rule
given earlier. The other case of the conditional follows by precondition strengthening
from

(z=XANz<0D—z=|X)A{-2=|X|}x := -x{z = |X|},

whose first conjuct follows by predicate calculus, arithmetic, and the definition of
the absolute value function as before, and whose second conjuct is an instance of
the assignment rule given earlier.

A programming logic can be cast into the more familiar form of a classical logic
by making explicit the program state that is implicit in the axioms and rules of the
programming logic. In this interpretation, the precondition P and postcondition @
of a Hoare sentence { P}S{Q} are regarded as classical predicates over the “before”
and “after” states s and t, respectively, and the program fragment S is regarded
as a shorthand for its denotation or “meaning” [S], which is a relation on states:
[S](s,t)is true if execution of the program fragment S, when started in state s, can
terminate in state t. Then the interpretation of the Hoare sentence { P} S{Q} is

Vs, t: P(s) A [S](s,t) D Q(t).

In this interpretation, the rule of precondition strengthening becomes

(Vs: P'(s) D P(s)) A(Vs,t: P(s) A[S](s,t) D Q(t))
(Vs,t: P'(s) A[S](s,t) D Q1))

which is classically valid.
Similarly, the rule for sequential composition becomes:

(Vs,t: P(s) A[S1](s,t) D Q1)) A (s, t : Q(s) A[S2](s,t) D R(t))
(Vs t: P(s) A[S1;.52](s,t) D R(t)) ’

I have not gone into enough detail, nor developed enough notation, to give the
interpretation of the axiom for assignment in the general case (see Gordon [Gor89)),
but the general idea can be conveyed by considering the particular example

{2 =[X[}x := x{z=|X[}

encountered earlier. The interpretation of an integer program “variable” such as
z is a function from state to integer (so that z(s) is its value in state s), and the
interpretation of this Hoare sentence is then

(Vs,t, X 1 —2(s) = X A[x := =x](s,t) D 2(t) = | X]).
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The End

That concludes this rapid introduction to those aspects of mathematical logic that 1
consider most relevant to formal methods. Experts will notice that I have simplified
or ignored some details—but not, I hope, to the point of inaccuracy. I recommend
those who wish to read further to consult initially the books noted near the beginning
of the section of this appendix that deals with the topic of interest to them.
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